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Abstract

This paper provides a novel mechanism for identifying and estimating latent group structures in panel
data using penalized techniques. We consider both linear and nonlinear models where the regression
coefficients are heterogeneous across groups but homogeneous within a group and the group membership
is unknown. Two approaches are considered — penalized profile likelihood (PPL) estimation for the
general nonlinear models without endogenous regressors, and penalized GMM (PGMM) estimation for
linear models with endogeneity. In both cases we develop a new variant of Lasso called classifier-Lasso
(C-Lasso) that serves to shrink individual coefficients to the unknown group-specific coefficients. C-
Lasso achieves simultaneous classification and consistent estimation in a single step and the classification
exhibits the desirable property of uniform consistency. For PPL estimation C-Lasso also achieves the
oracle property so that group-specific parameter estimators are asymptotically equivalent to infeasible
estimators that use individual group identity information. For PGMM estimation the oracle property of
C-Lasso is preserved in some special cases. Simulations demonstrate good finite-sample performance of
the approach both in classification and estimation. Empirical applications to both linear and nonlinear

models are presented.
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1 Introduction

Panel data are widely used in empirical analysis in many disciplines across the social and medical sciences.
Such data usually cover individual units sampled from different backgrounds and with different individual
characteristics so that an abiding feature of the data is its heterogeneity, much of which is simply unobserved.
Neglecting latent heterogeneity in the data can lead to many difficulties, including inconsistent estimation
and misleading inference, as is well explained in the literature (e.g., Hsiao 2014, ch. 6). It is therefore widely
acknowledged that an important feature of good empirical modeling is to control for heterogeneity in the
data as well as for potential heterogeneity in the response mechanisms that figure within the model. Since
heterogeneity is a latent feature of the data and its extent is unknown a priori, respecting the potential
influence of heterogeneity on model specification is a serious challenge in empirical research. Even in the
simplest linear panel data models the challenge is manifest and clearly stated: do we allow for heterogeneous
slope coefficients in regression as well as heterogeneous error variances?

While it may be clearly stated, this challenge to the empirical researcher is by no means easily addressed.
While allowing for cross-sectional slope heterogeneity in regression may help to avert misspecification bias,
it also sacrifices the power of cross section averaging in the estimation of response patterns that may be
common across individuals, or more subtly, certain groups of individuals in the panel. In the absence of
prior information on such grouping and with data where every new individual to the panel may bring new
idiosyncratic elements to be explained, the challenge is demanding and almost universally relevant.

Traditional panel data models frequently deal with this challenge by avoidance. Complete slope ho-
mogeneity is assumed for certain specified common parameters in the panel. Under this assumption, the
regression parameters are the same across individuals and unobserved heterogeneity is modeled through
individual-specific effects which typically enter the model additively. This approach is an exemplar of a
convenient assumption that facilitates estimation and inference. Nevertheless, this assumption has been
frequently questioned and rejected in empirical studies; see Hsiao and Tahmiscioglu (1997), Lee, Pesaran,
and Smith (1997), Durlauf, Kourtellos, and Minkin (2001), Phillips and Sul (2007a), Browning and Carro
(2007, 2010, 2014), and Su and Chen (2013), among others.

Despite general agreement that slope heterogeneity is endemic in empirical work with panels, few methods
are available to allow for heterogeneity in the slopes when the extent of the heterogeneity is unknown. Some
researchers assume complete slope heterogeneity where regression coefficients are completely different for
different individuals; see the survey by Baltagi, Bresson, and Pirotte (2008) and Hsiao and Pesaran (2008).
Others consider panel structure models where individuals belong to a number of homogeneous groups within
a broadly heterogeneous population, and the regression parameters are the same within each group but differ
across groups. Two essential questions remain: how to determine the unknown number of groups (dubbed
convergence clubs in the economic growth literature); and how to identify the membership of each individual.
These are longstanding questions of statistical classification in panel data. No completely satisfactory solution
has yet been found, although various approaches have been adopted in empirical research. For instance,
Bester and Hansen (2016) consider a panel structure model where individuals are grouped according to
some external classification, geographic location, or observable explanatory variables; Ando and Bai (2014)
consider a multifactor asset-pricing model with group-specific pervasive factors where the group membership
is known. Here the group structure is assumed to be completely known to the researcher, an approach

that is common in practical work because of its convenience. In spite of its convenience, this approach to



panel inference is inevitably misleading when the number of groups and individual identities are incorrectly
classified.

Several approaches have been proposed to determine an unknown group structure in modeling unobserved
slope heterogeneity in panels. The first approach applies finite mixture models. For example, Sun (2005)
considers a parametric finite mixture linear panel data model, and Kasahara and Shimotsu (2009) and
Browning and Carro (2011) study identification in discrete choice panel data models for a fixed number of
groups using nonparametric discrete mixture distributions. The second approach is based on the K-means
algorithm in statistical cluster analysis. Lin and Ng (2012) and Sarafidis and Weber (2015) consider linear
panel data models where the slope coefficients have latent group structure. They modify the K-means
algorithm to estimate the models but do not provide any inference theory. Bonhomme and Manresa (2015,
BM hereafter) consider a linear panel data model where the additive fixed effects have group structure and
apply the K-means algorithm to estimate the model and study its asymptotic properties. Ando and Bai
(2015) extend BM’s approach to allow for group structure among the interactive fixed effects. In addition,
Phillips and Sul (2007a) develop an algorithm for determining group clusters that relies on the estimation
of evaporating trend functions to determine convergence clusters. Hahn and Moon (2010) argue that the
group structure has sound foundations in game theory or macroeconomic models where multiplicity of Nash
equilibria is expected and they consider nonlinear panel data models where the parameter of interest is
common to individuals whereas the fixed effects have finite support.

The present paper proposes a new method for econometric estimation and inference in panel models
when the regression parameters are heterogenous across groups, individual group membership is unknown,
and classification is to be determined empirically. It is an automated data-determined procedure and does
not require the specification of any modeling mechanism for the unknown group structure. The methods
proposed here have several novel aspects in relation to earlier research and they contribute to both the Lasso
and econometric classification literatures in various ways, which we outline in the following paragraphs.

First, our approach is motivated by a key advantage of Lasso technology in coping with parameter
sparsity. This advantage is particularly useful when the set of unknown parameters is potentially large
but may also embody certain sparse features. In a typical panel structure model, the effective number of
unknown regression parameters {f3;, i = 1,..., N} is not of order O (N) as it would be if these parameters
were all incidental, but rather of some order O (Kj), where K denotes the number of unknown groups
within which the parameters are homogeneous. Hence, in many empirical applications the set of unknown
parameters in a panel structure model surely exhibits the desirable sparsity feature, making the use of Lasso
technology highly appealing.

Second, the procedures developed in the present paper contribute to the fused Lasso literature in which
sparsity arises because some parameters take the same value. The fused Lasso was proposed by Tibshirani,
Saunders, Rosset, Zhu, and Knight (2005) and was designed for problems with features that can be ordered
in some meaningful way. It has been used to detect multiple structural changes in the time series setting;
see, e.g., Harchaoui and Lévy-Leduc (2010), Chan, Yau, and Zhang (2014), and Qian and Su (2015). The
method cannot be used to classify individuals into different groups because there is no natural ordering
across individuals and so a different algorithm to locate common individuals is required. The present paper
develops a new variant of the Lasso method that does not rely on the order of individuals in the data and
which therefore contributes to the fused Lasso technology.

Third, standard Lasso technology involves an additive penalty term to the least-squares, GMM, or log-



likelihood objective function and when multiple penalty terms are used they enter the objective function
additively. To achieve simultaneous group classification and estimation in a single step our variant of Lasso
involves N additive penalty terms, each of which takes a multiplicative form as a product of Ky penalty terms.
To the best of our knowledge, this paper is the first to propose a mixed additive-multiplicative penalty form
that can serve as an engine for simultaneous classification and estimation. The method works by using each
of the K penalty terms in the multiplicative expression to shrink the individual-level regression parameter
vectors to a particular unknown group-level parameter vector, thereby producing a joint shrinkage process to
unknown quantities. This process is distinct from the prototypical Lasso method that shrinks an individual
parameter to the known value zero and the group Lasso method that shrinks a parameter vector to a known
vector of zeros (see Yuan and Lin, 2006). To emphasize its role as a classifier and for future reference, we
describe our new Lasso method as the classifier-Lasso or C-Lasso.

Fourth, we develop a double asymptotic limit theory for the C-Lasso that demonstrates its capacity
to achieve simultaneous classification and estimation in a single step. As mentioned in the Abstract, the
paper develops two classes of estimators for panel structure models — penalized profile likelihood (PPL)
and penalized GMM (PGMM). The former is applicable to both linear and nonlinear panel models without
endogeneity and with or without dynamic structures, while the latter is applicable to linear panel models
with endogeneity or dynamic structures. Both broaden the scope of applicability of our method as early
literature only considers linear panels without endogeneity. In either case, we show uniform classification
consistency in the sense that all individuals belonging to a certain group can be classified into the same group
correctly uniformly over both individuals and group identities with probability approaching one (w.p.a.1).
Conversely, all individuals that are classified into a certain group belong to the same group uniformly
over both individuals and group identities w.p.a.1. Such a uniform result allows us to establish an oracle
property of the PPL estimator that, like the BM K-means estimator, is asymptotically equivalent to the
corresponding infeasible estimator of the group-specific parameter that is obtained by knowing all individual
group identities. Unfortunately, our PGMM estimator generally does not have the oracle property. But the
uniform classification consistency property allows us to develop a limit theory for post-C-Lasso estimators
that are obtained by pooling all individuals in an estimated group to estimate the group-specific parameters
and these estimators are asymptotically as efficient as the oracle ones in both the PPL and PGMM contexts.

Fifth, C-Lasso enables empirical researchers to study panel structures without a priori knowledge of the
number of groups, without the need to specify any ancillary regression models to model individual group
identities, and with no need to make any distributional assumptions. When the number K, of groups is
unknown, a BIC-type information criterion is proposed to determine the number of groups for both PPL and
PGMM estimation and it is shown that this procedure selects the correct number of groups consistently.

The rest of the paper is organized as follows. We study C-Lasso PPL estimation and inference of panel
structure models in Section 2. PGMM estimation and inference is addressed in Section 3. Section 4 reports
Monte Carlo simulation findings. Section 5 contains two empirical applications. Section 6 concludes. Proofs
of the main results in the paper are given in Appendices A and B. Additional materials may be found in the
Supplemental Material.

For any real matrix A, we write the transpose A’, the Frobenius norm ||A]|, and the Moore-Penrose
inverse as AT. When A is symmetric, we use i, (A) and p,;, (4) to denote the largest and smallest
eigenvalues, respectively. I, and 0,1 denote the p x p identity matrix and p x 1 vector of zeros, and 1{-} is

the indicator function. The operator L denotes convergence in probability, A convergence in distribution,



and plim probability limit. We use (N,T) — oo to signify that N and T pass jointly to infinity.

2 Penalized Profile Likelihood Estimation

This section considers panel structure models without endogeneity. It is convenient to assume first that the

number of groups is known and later consider the determination of the number of unknown groups.

2.1 Panel Structure Models

Given a panel data set {(y;t,zi)} for i = 1,...,N and t = 1,...,T, it is proposed to use fixed effects quasi

maximum likelihood to estimate the unknown parameters by solving the minimization problem

N T
. 1
{??}WZZ¢(wit§ﬁivﬂi)~ (2.1)

i=1t=1
Here —1) (wyt; B, ;) denotes the logarithm of the pseudo-true conditional density function of y;; given x;;, the
history of (y;¢, x:t), and (p;, 8;), where u; are scalar individual effects and 3, are p x 1 vectors of parameters
of interest. Traditionally, econometric work has assumed that the 8, are common for all cross sectional
units, leading to a homogeneous panel with individual heterogeneity modeled through 1, alone. At the other
extreme, the 3, are assumed to differ across individuals and each is estimated at a slow rate without pooling
across section. The present paper allows the true values of 3, denoted B?, to follow a group pattern of the

general form
Ko
B => af1{ieGl}. (2.2)
k=1

Here a? # oY for any j # k, Uéiong ={1,2,...,N}, and G{ N G(; = @ for any j # k. Let Ny = #GY
denote the cardinality of the set G}. In the economic growth literature (e.g., Phillips and Sul, 2007a), Ky
corresponds to the number of convergence clubs and countries (indexed by 4) within the same k' club share
the same (slope) parameter vector af. In the market entry-exit example (e.g., Hahn and Moon, 2010), K,
denotes the number of pure Nash equilibria and markets (indexed by ¢) selecting the same equilibrium over
time exhibit the same parameter vector.

For now, we assume that the number of groups, Ky, is known and fixed but that each individual’s group
membership is unknown. In addition, following Sun (2005), Lin and Ng (2012), and BM, we implicitly assume
that individual group membership does not vary over time. Let a = (a1, ..., ak,) and 8 = (84, ..., By). We
denote the true values of p;, o, 3;, e, and 3 as p?, af, ,6’?, a®, and 8°, respectively. The econometric task
is to infer each individual’s group identity and to estimate the group-specific parameters ag. Some examples

of models that fall within this framework and the scope of our methodology are as follows.

EXAMPLE 1 (Linear panel) The linear panel structure model is generated according to
Yir = B9 wit + 1 + €, (2.3)

where z;; is a p x 1 vector of exogenous or predetermined variables, p; is an individual fixed effect, 3, is a
p X 1 vector of slope parameters, and ¢;; is the idiosyncratic error term with mean zero. Gaussian quasi-
maximum likelihood estimation (QMLE) of 3, and p; is achieved by minimizing (2.1) with ¥ (w;; 8;, ;) =

2
3 (yit — Biwir — ;) and wir = (yar, ;).



EXAMPLE 2 (Linear panel with quantile restrictions) Consider the model in (2.3) with the quantile
restriction: P (sit < 0|z, ,6’?, ,u?) = T, see, e.g., Kato, Galvo, and Montes-Rojas (2012). We can estimate 3,
and y; by minimizing (2.1) with ¥ (wii; B;, 1) = pr (yir — Biwir — ;) where p. (u) = {7 — K (—u/h)}uis a
smoothed version of the usual check function w1th K being a CDF-type kernel function and h a bandwidth

parameter.

EXAMPLE 3 (Binary choice panel) The dynamic binary choice panel data model is characterized by y;; =
1 {5?/9% + u? —&it > 0} , where x;¢, p;, and g;; are as defined in Example 1. In this case, —t (w;; 5;, ;) =
yit In F' (yit — Bl — ,ui) + (1 —yi)ln [1 (ylt Biay — )} , where w;; = (yit,xgt)/, and F'(-) denotes
the conditional CDF (standard logistic or normal) of €;; given x;; and the history of (x;, y:) -

EXAMPLE 4 (Tobit panel) The Tobit panel is characterized by y;; = max (O7 B?’xit + ud + sit) , where
Zit, M;, and €;; are defined as in the above examples. For clarity, assume that ¢;;’s are independent and
identically distributed (IID) N (0 o ) given x;; and the history of (z, y;¢) - In this case, —¢ (wl-t; Bis s O'g) =

1{yi = 0} In F ((yir — Bizar — ;) /02)+1{yae > O} In[f ((yir — Biwir — ;) /o2) /o], where wiy = (yir, i)',
f and F' denotes the standard normal PDF and CDF, respectively. The presence of the common parameter

02 can be addressed by extending the asymptotic analysis below.

2.2 Penalized Profile Likelihood Estimation of a and 3
Following Hahn and Newey (2004) and Hahn and Kuersteiner (2011), the profile log-likelihood function is
A
Qi,~nT (B) = W;;T/}(wiﬁﬁivﬂi (B:)), (2.4)

where ji; (8;) = arg min,, % Zle ¥ (wi; By, 14;) - Motivated by the literature on group Lasso (e.g., Yuan and

Lin 2006), we propose to estimate 3 and a by minimizing the following PPL criterion function

A
~ 15, 5, - ol (2:5)

1=1

ngv%,\l (B, ) = Ql,NT (B) +

where Ay = A\ y7 is a tuning parameter. Minimizing the above criterion function produces classifier-Lasso
(C-Lasso) estimates B and & of 8 and a, respectively. Let Bl and dy, denote the i'h and k' columns of 3
and &, respectively, i.e., & = (&, ..., &x) and B E(Bl, ...,BN).

The penalty term in (2.5) takes a novel mixed additive-multiplicative form that does not appear in the
literature. Traditional Lasso includes additive penalty terms to an objective function by differentiating
zeros from non-zero-valued parameters to select relevant regressors. In contrast, the C-Lasso has N additive
terms, each of which takes a multiplicative form as the product of Ky separate penalties. The multiplicative
component is needed because for each i, ﬁ? can take any one of the Ko unknown values, o, ..., a%o. We do
not know a priori to which point 5, should shrink, and all K, possibilities must be allowed. Each of the
K penalty terms in the multiplicative expression permits 3; to shrink to a particular unknown group-level
parameter vector ay. The summation component is needed because we need to pull information from all NV
cross sectional units in order to identify { 6?} and {ag} jointly. Our approach differs from the prototypical
Lasso method of Tibshirani (1996) that shrinks a parameter to zero as well as the group Lasso method of

Yuan and Lin (2006) that shrinks a parameter vector to a zero vector. The main purpose in the latter papers



is to select relevant variables while C-Lasso is designed to determine group membership for each individual.
As emphasized in the Introduction, both problems enjoy the same motivation of parameter sparsity despite
their different nature. C-Lasso has the additional motivation of classification of unknown parameters into a
priori unknown groups each with their own unknown parameters.

Note that the objective function in (2.5) is not convex in 3 even though it is (conditionally) convex in

aj, when one fixes o for j # k. The supplement provides an iterative algorithm to obtain the estimates é&
and B

2.3 Assumptions

Let p; (8;) = argmin,, U, (B;,1;) where W, (8;, 1) = £ iy B[ (wir; B, ;)] - Note that uf = p; (87) . Let
Ui (wit; By, 1) = 09 (wies By 1) /08, and Vi (wigs By, ;) = 0% (wie; By, ;) /Opy. Let U and U™ denote
the first and second derivatives of U; with respect to u,. Define Vi, V/i* U. fi and Viﬁ * similarly. For
notational simplicity, denote U;; = U; (wit; ,8?, ,u?) , and similarly for U“l U“"”L, Vit, Vj; and Uft“”". Define

it

T
_ Z ul Z ul Z uul _ Z ulul
miy = T E Uzt y My = T E ‘/zt , Miv2 = T E U’Lt y My = ‘/n )
m;u mU m;u )
Uy = Up——2Vy, U =00 — 2857 and Ut = gt — Ly
mg;yv m;y miv

T T
Let Qr = + Y0, S B(UeU,,), Hir = + Y, BUJ], and Hiny = 5 e Hir. Define the two
expected Hessian matrices for cross sectional unit i:

T T
1 i ; Opi (B
i (5 = 75 3B [V B (3] s B (30 = 7 3B U6+ 02 (5) P20
— t=1 v
where Ui’Bt" (8;) = UZ-B" (wie; By 11; (B;)) , and similarly for Ul (B;) . Let min; denote minj<;<y, and similarly

for max; . We make the following assumptions

ASSUMPTION Al. (i) For each i, {wy :t =1,2,...} is stationary strong mixing with mizing coefficients
a; (+). a() = max;o; (-) satisfies a(T) < cop” for some co > 0 and p € (0,1). {wy:t=1,2,...} are
independent across i.

(ii) For each n > 0, mml[mf(ﬁ )| (Bea) —(89, 2 W, (B, ;) — Wi (BY, 1)) > 0.

(iii) Let © denote the parameter space for 0; = (B}, ;). © is a compact and convex subset of RPT! such
that 60 = (BY, u0)' lies in the interior of © for each i.

(iv) Let |v| = fi} v;j and D (w3 0) = 011 (wie;0) /(001 - - - 00 p11)) where v = (i, ,vpq1) is
a vector of nonnegative integers and 0 ;) denotes the jth element of 0. There exists a function M (-) such
that supgce || D (wie; 0)|| < M (wir), ||[DV (wir; 0) — DV (wit;é)H < M (wy) HG — @H for any 0,0 € ©
and |v] < 3, and max; E|M (w;;)|? < cpr for some cpr < oo and q > 6.

(v) There exists a constant cgr > 0 such that min; infgeg Hipy, (8) > e and min; pu, (Higp (ﬁ )) > cu.
(vi) There exists a constant co > 0 such that mini<p<i<g, ||a2 — a?” > ca.
(vii) Ko is fired and Ni/N — 7, € (0,1) for each k =1,..., Ky as N — co.

ASSUMPTION A2. (i) TA?/(InT)%*? — 0o and A\ (InT)” — 0 for some v > 0 as (N,T) — oo.
(ii) N'/27=1(InT)° — 0 and N?°T'~9/2 — c € [0,00) as (N,T) — oc.



ASSUMPTION A3. (i) For each k=1,..., Ko, Q = lim(n, 7)—oo N%c ZieG% Q1 exists and Q> 0.
(ii) For each k =1, ..., Ko, Hy = lim(, 7)—oc Hinr exists and Hy > 0.

Assumption A1(i) imposes conditions on {w;; } , which are commonly assumed for dynamic nonlinear panel
data model; see, e.g., Hahn and Kuersteiner (2011) and Lee and Phillips (2015). With more complicated
notation, we can relax the stationarity assumption along the time dimension. A1(ii) imposes an identification
condition for the joint identification of (8;, u;) for each i. A1(iii) restricts the parameter space and it is possible
to allow © to be i-dependent. Al(iv) specifies the smoothness and moment conditions on v or objects asso-
ciated with it. A1(v), in conjunction with A1(ii) and (iv), implies that min;[inf,, .\, . (8,)>n Wi (B, 1) —
W, (B, 1 (B;))] > 0 and mini[infﬁi:|\ﬁfﬁ?||>n U, (B;,14; (B;) =, (B?, Ly (,B?))] > 0. Al(vi) specifies that the
group-specific parameters are separated from each other, similar to the separation requirement in Hahn and
Moon (2010). Al(vii) implies that each group has an asymptotically non-negligible membership number
of individuals as N — oo. This assumption can also be relaxed at the cost of more lengthy arguments.

Assumption A2(i) imposes conditions on Aq, all of which hold if
A1 o< T7¢ for any a € (0,1/2). (2.6)

A2(ii) is needed to ensure some higher order terms are asymptotically negligible. A3 is used to derive the
asymptotic bias and variance of the C-Lasso estimator. The theory developed below under these conditions
does not require correct specification of the likelihood function and the C-Lasso asymptotics apply under
the general QMLE setup.

2.4 Asymptotic Properties of the PPL C-Lasso Estimators

2.4.1 Preliminary Rates of Convergence for Coefficient Estimates

The following theorem establishes the consistency of the PPL estimates {3;} and {éax} .

Theorem 2.1 Suppose that Assumption A1 holds and Ay = o (1). Then (i) Bz — B? =0p (Tﬁl/2 + )\1) for

N 2
1=1,2,...,N, (ii) % Zf\il ‘ B — 5? =0Op (Tﬁl) , and (iii) (@(1), "'76‘(Ko)) — (Oz(l), ...,Olg{o) =0Op (T71/2) ,
).

where (& 1y, ..., k) 15 a suitable permutation of (G, ..., g,

REMARK 1. Theorem 2.1(i)-(ii) establish the pointwise and mean-square convergence of 3;. Theorem
2.1(iii) indicates that the group-specific parameters oY, ...,a% can be estimated consistently by a1, ..., dx,
subject to permutation. As expected and consonant with other Lasso limit theory, the pointwise convergence
rate of Bi depends on the rate at which the tuning parameter \; converges to zero. Somewhat unexpectedly,
this requirement is not the case either for mean-square convergence of Bl or convergence of &j. For notational

simplicity, hereafter we simply write &y, for &y as the consistent estimator of a?, and define

G = {z €{1,2,..N}: 3, = ak} for k=1, ..., Ko. (2.7)

2.4.2 Classification Consistency

Roughly speaking, a classification method is consistent if it classifies each individual to the correct group

w.p.a.l. For a rigorous statement of this property we define

Bunrs = {z ¢ Gy |ic Gg} and Fyyr; = {z ¢ QY |ic G’k}, (2.8)



where i = 1,...,N and k = 1, ..., Ky. Let Exnp = Uicay Exnr,i and Fynr = U;eq Funri. Eene and Frnr
mimic Type I and II errors in statistical tests: Eyn7 denotes the error event of not classifying an element of
G% into the estimated group @k; and Fyyr denotes the error event of classifying an element that does not
belong to GY into the estimated group Gy, Both types of errors must be controlled. We use the following

definition.

Definition 1. (Consistent classification) The classification is individually consistent if P(EkNT’i) — 0 as
(N,T) 00 VieGYand k€ {1,..., Ko}, and P(Fynr;) — 0as (N,T) — oo Vi e Gy and k € {1,..., Ko}.
It is uniformly consistent if P(UszolEkNT) — 0 and P(UkK:‘)leNT) — 0as (N,T) — oo.

The following theorem establishes uniform consistency for the PPL classifier.

Theorem 2.2 Suppose that Assumptions A1-A2 hold. Then (i) P(UfﬁlEkNT) < 25:01 P(EkNT) — 0 as
(N,T) — oo, and (ii) P(UK°, Fynr) < So00, P(Fynt) — 0 as (N, T) — oo.

REMARK 2. Theorem 2.2 implies that all individuals within a group, say Gg, can be simultaneously
correctly classified into the same group (denoted G‘k) w.p.a.l. Conversely, all individuals that are classi-
fied into the same group, say G;w simultaneously correctly belong to the same group (G%) w.p.a.l. Let
Gy = {1,2,...,N}\(U£{:°1@k) and Hnr = {i € éo}. Theorem 2.2(i) implies that P(UlgigNﬁiNT> <
Zszol P(Ek ~1) — 0. That is, all individuals can be classified into one of the Ky groups w.p.a.l. Never-
theless, when T is not large, a small percentage of individuals could be left unclassified if we stick with the
classification rule in (2.7). To ensure that all individuals are classified into one of the Kj groups in finite
samples, we can modify the classifier. In particular, we classify i € Gy, if Bl = &y for some k = 1,..., Ko,
and i € Gy for some [ = 1, ..., Ko if [|3; — &|| = min{[|3; — @1, ..., ||3; — axe |} and Sn2, 1{3; = éu} = 0.
Since the event 22(:01 1{B; = a;} = 0 occurs w.p.a.1 uniformly in i, we can ignore it in large samples in

subsequent theoretical analysis and restrict our attention to the classification rule in (2.7) to avoid confusion.

Let Nj, = Zivzl 1{i e Gk} The following corollary studies the consistency of Nj.

Corollary 2.3 Suppose that Assumptions A1-A2 hold. Then Ni — Ni, = op (1) for k=1,..., Ko.

2.4.3 The Oracle Property and Asymptotic Properties of Post-Lasso Estimators

The following theorem reports the oracle property of the Lasso estimator {dy}.

Theorem 2.4 Suppose Assumptions A1-A3 hold. Then / NiT (&k - ag)—Hﬁ,TIB%kNT 2N (0, H;lﬁk(Hgl)') ,
where Byt = Biant —BornT, Bignt = \/ﬁ ZieGg mey sT:1 Zthl VisUyy , and Bopnr = 2\/+7 Zz’eGg

ma (M — 22my ) (J= 30 Vie)2for k = 1, .., Ko.

miv

REMARK 3. By7 is written as the difference between two terms that are derived from the first and
second order Taylor expansions of the PPL estimating equation, respectively. Comparing the above result
with HK, we find that the quantities Q, Hj, and By coincide with the corresponding terms in HK; see the
remark after Lemma S1.12 for details. Then we can use the formula in HK to estimate the asymptotic bias
and variance with obvious modifications. Alternatively, we can use the jackknife to correct bias; see Hahn
and Newey (2004) and Dhaene and Jachmans (2015) for static and dynamic models, respectively.



If group membership is known, the oracle estimator of ay is given by dgo = argming, ﬁ ZieG‘,ﬂ
Zle (wit; g, fi; (o). Then following our asymptotic analysis or that of HK, we can readily show that
\/m(&cg — ag) — H,;J%,TIB%;CNT O N (O,Hngk(Hgl)') under Assumptions Al and A3. Theorem 2.4 indi-
cates that the PPL estimator &; achieves the same limit distribution as this oracle estimator. In this sense,
we say that the PPL estimators {é4} enjoy the asymptotic oracle property. In addition, given the estimated
groups G;w we can obtain the post-Lasso estimator of aj by &Gk = argming, ﬁ Zieék 23:1 Y (wst; g,

fi; (ax)). The following theorem reports the asymptotic distribution of G,

Theorem 2.5 Suppose Assumptions A1-A3 hold. Then /NiT (G, —ag)—Hﬁ,TIB%kNT SN (0, ]HI,;IQIC (H;l)')
for k=1,..., Ko, where Byt is as defined in Theorem 2.4.

REMARK 4. Theorems 2.4 and 2.5 indicate that &j and &ék are asymptotically equivalent. In a totally
different framework, Belloni and Chernozhukov (2013) study post-Lasso estimators which apply OLS to the
model selected by first-step penalized estimators and show that the post-Lasso estimators perform at least
as well as Lasso in terms of rate of convergence and have the advantage of smaller bias. Correspondingly, it

would be interesting to compare the higher-order asymptotic properties of &, and &ék in future work.

REMARK 5. Note that our asymptotic results are “pointwise” in the sense that the unknown parameters
are treated as fixed. The implication is that in finite samples, the distributions of our estimators can be
quite different from normal, as discussed in Leeb and Potscher (2008, 2009). This is a well-known challenge
for shrinkage estimators. Despite its importance, developing a thorough theory on uniform inference in this

context is beyond the scope of the present work.

2.5 Determination of the Number of Groups

In practice, the exact number of groups is typically unknown. We assume that Ky is bounded from above by
a finite integer K. and study the determination of the number of groups via some information criterion
(IC). By minimizing (2.5) with K replaced by K, we obtain the C-Lasso estimates {3; (K, A1) , & (K, A1)} of
{B;, o} , where we make the dependence of 3; and @y, on (K, \;) explicit. As above, we classify individual
into group G, (K, A1) if and only if 3; (K, A1) = éu, (K, A1), i.e., G (K, M) = {i € {1,2,.... N} : B, (K, \{) =
ap (KA} for k=1,.., K. Let G (K, A1) = {G1 (K, M), ..., Gx (K, M\1)}. The post-Lasso estimator of o is

denoted as &Gk(K ) ‘We propose to select K to minimize

T

K

2 . A

IC (K, M) = o> Y (wit§aék(K,)\l)vui(aGk(K,)\l))) + minTPK, (2.9)
k=1icGu (K N) =1

where p; yp is a tuning parameter. Let K (\;) = argmin<x<g,.. [C1 (K, \). See Wang, Li, and Tsai
(2007), Liao (2013), and Lu and Su (2016) for the use of a similar IC in various contexts.

Let G = (G 1, ..., Gk k) be any K-partition of {1,2, ..., N} and Gx a collection of all such partitions.
Let 620 = w5 Zszl 2 icCron Zthl ¥ (wit; GG s (13 (0G ) , Where G, = arg ming, ﬁ D icGrn Zthl

P (wit; g, f1; (). We add the following two assumptions.

ASSUMPTION Ad. As (N,T) — 00, min< <k, infgocgy 650 — a2 > o2, where 03 = lim(y 100
K T
% >kt ZieGg D1 BlY (wir; o, M?)]'



ASSUMPTION A5. As (N,T) — oo, piy1r — 0 and pyygT — 0.

Assumption A4 is intuitively clear and applies under primitive conditions in a variety of models, such as
panel autoregressions. It requires that all under-fitted models yield asymptotic mean square errors that are
larger than o3, which is delivered by the true model. A5 reflects the usual conditions for the consistency of
model selection: p; yp cannot shrink to zero either too fast or too slowly.

The following theorem justifies the use of (2.9) as a selector criterion for K.

Theorem 2.6 Suppose Assumptions A1-A5 hold. Then P(K (A1) = Ko) — 1 as (N,T) — .

REMARK 6. As Theorem 2.6 indicates, as long as A satisfies Assumption A2(i), we can ensure that the
correct number of groups is chosen w.p.a.1. In practice, we can fine-tune this parameter over a finite set,
eg, Ay ={\ = ch_1/3,cj =cpy! for j =1,...,J} for some ¢y > 0 and v > 1. That is, we pick up \; € Ay
such that IC} (K (A1), A1) is minimized. We can show that with such a choice of A;, Theorem 2.6 continues
to hold. Alternatively, we can consider a data-driven cross-validation procedure.

2.6 The Special Case of Linear Models

For the linear model in (2.3) with E (4|1, p) = 0, we have ¥ (wii; By, 1ts) = 3 (yie — Biwi — ui)2 i (B;) =
_ _ - -2 _ - _ _

Ui. — Bi%;., and Q1. n1 (B) = w7 Zfil ZtT:l (Ji — Bi@i)” , where §;. = = ZtT:l Yits Yit = Yie— Yi., and T;.
and Z;; are analogously defined. So the PPL problem becomes the penalized least squares (PLS) problem
considered in Su, Shi, and Phillips (2014, SSP hereafter). In addition, we can verify that u,; (8;) = E(g;.) —

BiB(Zi.), Ui (wit; Bys pty) = — (Yir — Biwie — ;) ity Vi (wirs By, 1) = — (yie — Biwie — 1), Uy (wie; By ) =
Tip = Viﬁi (Wit By g) » VI (wig; By py) = 1, Uiﬁi (wigs Bis i) = iy, Uy = —eq [ — B (25.)], U?f =
[wit — B (Z:.)] @y, Ul = wir — B (22.), Hi (8:) = 1, Hipg (8)) = % X1y B{ (w0 —B(@:.)] [20r—B(2:.)] '},

Ur = =3 O Blewsis [ra — B(@:)] [~ B @]}, and
1 ) ’
Hr = = ;E{[%t —E (@) [za — E(@:.)]'}-

With the above calculations, we can readily verify that Assumptions A1(ii), (iv)-(v) and A3 hold under weak
conditions. In addition, we can show that

T T
-1
Bixnt = TN E E E git [Tis — B (Z;.)] = Bigp + op (1) and Bopnr = 0,
(VN

i€GO t=1 s=1
where By, = ﬁ ZieGg Zle Zle E (g5¢25) - When ;4 is strictly exogenous so that E(e;2;5) = 0 for all
t,s, and i, Bixn7T = op (1) and there is no need to make bias correction. When x;; is predetermined, various
bias correction formulae have been proposed; see Kiviet (1995), Hahn and Kuersteiner (2002), Phillips and
Sul (2007b), and Lee (2012), among others. Jackknife methods can also be applied to correct for bias.

The post-Lasso and oracle estimators of af become ba, = Lica, Zthl Zu@l,) 7t D el Zle Tt Uit
R T o - T . . .
and dgy = (Cieqo 2o Tar®i) ™ Pieqo 2o—1 Titdie- The IC formula in (2.9) now reduces to ICy (K, A1) =

2 A2 _ 1 vk T =~ SN2 A .
aé(KAl)-l—PlNTPK, where 9G(kA) = NT >kt Zieék(K,Al) thl(yit_aék(l())\l)l'it) with &, (¢ 5,y being
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analogously defined as &g, - In practice, [72@ (KAr) is frequently replaced by its natural logarithm as in standard
BIC to obtain

1Cy (K ) = n [ |+ prvrpK, (2.10)

which will be used in our simulations and applications. But because the fixed effects are eliminated in the
within-group transformed model, the v/T-convergence rates of their estimates won’t play a role to ensure
the selection consistency of IC;. SSP show that the requirement on p; 7 can be relaxed with Assumption
A5 replaced by:

ASSUMPTION A5*. As (N,T) — 00, pyxy — 0 and py Oy — 00 where Syp = NY2TY2 if x; is

strictly exogenous and min(N'Y2TY2 T) otherwise.

2.7 Extension to the Mixed Panel Structure Models

In some applications, certain parameters of interest may be common across all individuals whereas others
are group-specific. For instance, Pesaran, Shin, and Smith (1999) constrain the long-run coefficients to be
identical across individuals while assuming the short-run coefficients to be heterogenous, or in our case,
group-specific. Example 4 above is another instance. To keep up with the early notation, we write the
negative log-likelihood function as ¥ (ws; B8;,7, 1;) where « is the common parameter and the 3; have
a group structure as before. The negative profile log-likelihood function now becomes Qi n7 (8,Y) =
ﬁ Zf\; 23:1 ¥ (wit; Bi, Vs i (B35 v)) » where fi; (8;,7) = argminy, % 23:1 ¥ (wit; Bi; ¥, ) - Then we can
estimate 8 and « by minimizing the following PPL criterion function

QINT \ (Byuy) = Qi (B7) + ~ ZH?H 18; — cull - (2.11)

Our previous analysis can be followed to establish uniform consistency for the classifier and the oracle

property for the resulting estimators of the group-specific parameters «j and the common parameter -.
When we have time effects {7,}, we generally cannot eliminate them through transformation even in

a linear panel structure model because of the slope heterogeneity. In this case, we need to estimate v =

(Y1, -, yp) jointly with 8 and a in (2.11). A formal asymptotic analysis of this case is left for future work.

3 Penalized GMM Estimation of Panel Structure Models

This section considers penalized GMM estimation of linear panel structure models when some regressors are

lagged dependent variables or endogenous.

3.1 Penalized GMM Estimation of o and 3

To stay focused, we restrict attention to the linear panel structure model in (2.3).! We consider the first
differenced system
Ayir = By Aziy + Aeyy, (3.1)

I Extension to general nonlinear panel data models with endogeneity and nonadditive fixed effects (e.g., Ferndndez-Val and
Lee 2013) is possible but rigorous analysis raises additional statistical challenges and is left for future research.
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where, e.g., Ay = yit —yip—1 fort =1,...,T and ¢ = 1,..., N, and we assume that y;o and ;9 are observed.
Let z; be a d x 1 vector of instruments for Az;; with d > p. Define Ay; = (Ayq, ..., Ay;r), with similar
definitions for Az; and Ae;. We propose to estimate 8 and a by minimizing the following penalized GMM
(PGMM) criterion function?

A N
QSN , (B.) = Qo (B) + 2 DI 118 — el (3.2)
i=1

N T ! T .
where Qo N7 (8) = & Yily [% > Zit (Ayi — ,BQAxit)} WinT {% i zit (Ayir — BQAM)] , Wint is a
d x d symmetric matrix that is asymptotically nonsingular and Ay = Ao is a tuning parameter. Minimizing
(3.2) produces the PGMM estimates & and 3 where & = (6, ..., 0k, ) and B E(Bl, ...,BN).

3.2 Basic Assumptions

Let Qi,zAz = % 23;1 Zit<A$it)/ and Qi,zA:v = E[Qi,zAw}- Let git = (Ayitv (Axit)lv Z;t)l y P (gitv ﬂ) = Zit(Ayit_
B'Az;t) and pir (B) = ﬁ ZtT:l{p (&4,8) —Elp (&, 8)]}- Let B; denote the parameter space for 3;. We
make the following assumptions.

ASSUMPTION B1. (i) E [p (fit,ﬁg)] =0 foreachi=1,...N and t=1,...,T.

(ii) supges, ||Pir (ﬁ)“ =0p(1), % Zf\; Hpi,T (ﬁz)”2 = Op (1) where 3; € B;, and P(max; ||/3i,T (ﬂz)H >
C(InT)¥*") =0 (N~') for any C >0 and v > 0.

(iii) Vi (maXi Qi,zAa; - Qi,zAx
= 2% > 0.

(iv) There exist nonrandom matrices W; such that P (max; |Winr — Wil| > n) = o (N~1) for any n >0

> 77) =0 (N_l) for any n > 0 and liminf 7y min; Mmin(Qg,zAg;Qi,zAw)

and liminfy_, oo min; g, (W) = ey > 0.
(v) There exists a constant co > 0 such that mini<k<i<k, ||042 - oz?” > cq-
(vi) Ky is fized and Ni,/N — 71, € (0,1) for each k=1,..., Ky as N — oo.

ASSUMPTION B2. (i) TA3/(InT)5+% — 00 and \y(InT)” — 0 for some v > 0 as (N,T) — oc.
(ii) For any given ¢ > 0, N max; P (HT*1 Zthl zitAeitH > c)\g) — 0 as (N,T) — oc.

ASSUMPTION B3. (i) For each k=1, ..., Ko, A = le Ziecg QQZAQJWZ-QLZAQC — A >0 as (N,T) — .
(ii) For each k =1, ..., Ky, \/ﬁ ZieGg Q;,zAzWiNT Zle 2itNeyy — BenT 2N (0,C%) as (N,T) — cc.
Assumption B1(i) specifies moment conditions to identify 37. B1(ii) is a high level condition. Its first

part can be verified by applying Donsker’s theorem. For example, if there exists F;;, a o-field, such that

{&1, Fit} is a stationary ergodic adapted mixingale with size —1 (e.g., White 2001, pp. 124-125), and

Var (w'p; 7 (8;)) — w'Siw € (0,00) as T — oo for some ¥; > 0 and any nonrandom w € R? with [jw|| = 1,

then p; r (8;) BN (0,%;) and the first part of B1(ii) follows. The second and third parts of B1(ii) can be

verified by the Markov inequality and the application of Lemma S1.2(iii) in the supplement under strong

2We were unable to establish asymptotic theory for the case where the criterion Q2,~T (B) is replaced by the fully pooled
criterion Q2,NT (B) = [ﬁ Z1N:1 2;1;1 zit (Ayir — B;Axit)]’WNT[ﬁ Zf\;l Zle zit (Ays — B Azit)], where Wi is asymp-
totically nonsingular. We also found that Arellano and Bond (1991) GMM estimation is not applicable to handle unobserved
slope heterogeneity. Noticing this, Fernandez-Val and Lee (2013) used a criterion similar to Q2,7 (8) in the nonlinear panel
setup. As we shall see, the use of Q2 n7 (8) means that the PGMM estimator generally does not have the oracle property.
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mixing conditions. B1(iii) provides a rank condition to identify £7. Bl(iv) is automatically satisfied for
Wint = 14, the d x d identity matrix. B1(v)-(vi) and B2(i) parallel Al(vi)-(vii) and A2(i). B2(ii) holds
true by Lemma S1.2 in the supplement if {(z;:, Ae;t),t > 1} is strong mixing with geometric decay rate and
zitAg;y has six plus moments.

B3(i)-(ii) can be verified under various primitive conditions. For example, if (a) E ||z (Azy)||*T7 > 0
for some o > 0, (b) {(Ax;, zi, Agi) ,t > 1} is strong mixing for each ¢ with mixing coefficients a; (7) that
satisfy §- Yiece S (1) #7970, (¢) {(Aw, zit)} is stationary along the time dimension and IID
along the individual dimension for all ¢ € GY, and (d) W; = W V i € GY, then B3(i) is satisfied with

= {E [zit(Azit) 1Y WE [2:(Azmi)'] V i € GY. To verify B3(ii), for simplicity we assume that Wy = I4

and make the following decomposition

T
i, zAgc Z ZitAgit

zEGO t=1

= 1/2 3/2 Z ZZE szszzszztAE'Lt) 1/2 3/2 Z ZZE Al’zs ’LS thAElt
T ieGY s=1t=1 T i€GY s=1t=1
1 T
Ry Z Z Z {[Axiszt, — B (Awiszl,)] ziAcis — B (Axiszl zis Aciy) }
N,/T32 GO s=1 t=1

= DBpnr + Vint + Rint, say, (3.3)

where BpyT and Viynyr contribute to the asymptotic bias and variance, respectively, and Ryn7 is a term
that is asymptotically negligible under suitable conditions. Then B3(ii) is satisfied with W;nr = I if
ViNnT = W ZieGg Zle Q;ZszitAeit O N (0,C%) and Rint = op (1), both of which can be verified
by strengthening the conditions given in (a)-(c) above. Note that fl,;lBk ~T signifies the asymptotic bias of
¢, which may not vanish asymptotically but can be corrected; see Section S2.2 in the supplement.?

3.3 Asymptotic Properties of the PGMM Estimators

3.3.1 Preliminary Rates of Convergence

We first establish the preliminary consistency rate of (,é, Q).

Theorem 3.1 Suppose Assumption Bl holds and Ny = o(1). Then (i) B; — Y = Op (T2 4+ X5) for

2
i=1,..,N, (i) 3N il =0p(T7Y), and (iii) (Gqy, - (k) — (a?,...,a(}(o) =Op (T71/?),
where (&1, ..., Q(k,)) is a suitable permutation of (G, ..., ak,)-

REMARK 7. Remark 1 applies here with obvious modifications. As before, hereafter we simply write a
for é(y) as the consistent estimator of o), and define Gr={ie{1,2,.,N}: B, =ay} for k=1,..., Ko.

3If Conditions (a)-(b) are satisfied and FE|z;Aei|>T™® > 0, by the Davydov inequality, we have ||Brnr| <
T\/W ZzeGO Z, 1 Zg 1 HE’ [AziszgszitAsit] H =0 ((N/T)1/2) , which is o(1) if T'>> N and usually asymptotically non-

negligible otherwise.
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3.3.2 Classification Consistency

Let Exnri ={i ¢ G | i€ GV} and Fynry = {i ¢ GY | i € Gy} fori = 1,..,N and k = 1,..., K. Let
EkNT = Uieg(]i EkNT,i and FkNT =Uea, FkNT,i. We establish uniform classification consistency in the next

theorem.

Theorem 3.2 Suppose that Assumptions B1-B2 hold. Then (i) P(UL°, Exnr) < ZkK:01 P(EpnT) — 0 as
(N,T) — oo, and (ii) P(URS, Frnt) < Son2, P(Fent) — 0 as (N, T) — oo.

REMARK 8. Remark 2 also holds for the above theorem with obvious modifications. Let Gy =
{1,2,...,N} \(Uf:"lé’k) and H;np = {i e G’O} Theorem 3.2(i) implies that P(UlSiSNIjIZ-NT) < 25:01 P(EkNT)
— 0, meaning that all individuals are classified into one of the K, groups w.p.a.l.

Let Ny, = Zfil 1{i € G},}. The following corollary parallels Corollary 2.3.

Corollary 3.3 Suppose that Assumptions B1-B2 hold. Then Ny — Nj, = op (1).

3.3.3 Improved Convergence and Asymptotic Properties of Post-Lasso

The following theorem establishes the asymptotic distribution of the C-Lasso estimators {éay}.

Theorem 3.4 Suppose Assumptions B1-BS3 hold. Then /NiT (&k — ag) - fl,;lBkNT LA N(0, A,;leAgl)
fork=1,.., K.

REMARK 9. In contrast to the PPL case, the PGMM estimators {&} may fail to possess the oracle
property. If the group identities were known in advance, one could obtain the GMM estimate &G2 of &) by
minimizing the following objective function

/

T T
1 1
— Y i (Mg — ahAaa) | WD | Y0 mn (Ays — afAz) |, (3.4)
NiT NiT

ieGY t=1 i€GY t=1

Qnt (o) =

where W](\f% is a d x d symmetric positive definite matrix. Let QSZI’NT = ﬁ Ziecg 23;1 zit (Az;p) and

k T ~ k)1 k) ~(k _ k)1 k) ~(k
QiA)y,NT = ﬁ Ziecg > i1 ZitAyir. Then gy = [QiA)m,NTW](VT)“QiA)z,NT] ! QiA)a:,NTWJ(V’Z)“QgA)y,NT' We
can readily show that the asymptotic distribution of & o is typically different from that of &j. See also the
Gk
remark after Theorem 3.5 below.

When the individuals have group identities that are unknown, we can replace Gg by its C-Lasso es-
timate Gy in the GMM objective function (3.4) and obtain the post-Lasso GMM estimator of o given
~ A (k) 1 (R) Ak) 1—1 AR (k) Ak = (k T = (k
by dg, = [QULWN2QUL) QIR W QLR where QUX, = w7 Tica, Yoy 2t (Azir) and Q1 =

ﬁ Zieék Zil zitAy;e. To study the asymptotic normality of &4, , we add the following assumption.

ASSUMPTION B4. (i) For each k= 1,..., Ko, Wi B W® > 0 as (N, T) — oc.
(i) QSX%NT L ng)w where ng)x has rank p.
(i) T Sieay Lims zitlein LN (0,Vi).
Assumption B4 is standard in GMM estimation and it can be verified under various primitive conditions

that allow for both conditional heteroskedasticity and serial correlation in {z;Ae;;}. The following theorem

establishes the asymptotic normality of {&s, }-
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Theorem 3.5 Suppose Assumptions BI—B4 hold. Then +/ kT(ocG —af) 5 N (0,9Q%), where Q) =
1 _
[ w®QR, ] @R, [QRW W] and k=1, Ko,

REMARK 10. To prove the above theorem, we first apply Theorem 3.2 and show that /N, T (dék — ag) =
\/m(&cg —af)+op (1). That is, the post-Lasso GMM estimator @, is asymptotically equivalent to the
oracle estimator do. To obtain the most efficient estimator among the class of GMM estimators based on
the moment conditions specified in Assumption B1(i), one can set Wj(\;c% to be a consistent estimator of kal.
Alternatively, we can consider Arellano and Bond (1991) GMM estimation based on the estimated groups.

The procedure is standard and details are omitted.

REMARK 11. If Winy = W, Qioaw = QY for each i € G in Assumption B3(i) (which is unrealistic
before knowing the group identity), and Bipyr = 0 in Assumption B3(ii), then A = Q(k)/ VV(’“)QZ A
Ci, = Qi’g;W(k)QkW(k)Q(k) , and VN, T (&k — ak) = N (0,9Q). Thus in this special case the C-Lasso
estimator ay, has the oracle property. But Byyr = 0 typically requires 7' > N, a condition that we do not

usually want to impose. For this reason we recommend the post-Lasso estimator &, in practice.

3.4 Determination of the Number of Groups

When Ky is unknown, we minimize the PGMM criterion function in (3.2) with K, replaced by K to
obtain the C-Lasso estimates {3; (K, \2), @ (K, \2)} of {B;,x}. As above, we classify individual i into
group Gy, (K, \) if and only if 3, (K, \2) = ay, (K, \2). Let G (K, \2) = {G1 (K, >\2) Gk (K, \2)}. The

post-Lasso GMM estimate of of is given by QG (Kng) = [QiAw NTQEﬁ’f)] QZAI }f%@giyk), where
< (K k T ~(Kk k) .
Qim) = ﬁ Zieék(fmz) D1 Zit (Azit)/a Q.(sz) = NiT ZzeGk K\2) Zt 1 Zit AYit, aﬂd WJ(VI)“ is defined

as before but with k = 1,2, ..., K. Let 6%(K7)\2) w7 S D i (KoM S [Ayi — g, (K )Axit]Q. We

propose to select K to minimize the following IC:
105 (K, \s) = In {52@( X M)} + ponrpK, (3.5)

e 1C2 (K, A2) . As before, for any GE) =

(Gr1s- Groic) € G, define 6%, = 55 S, D icCron S [Ayi — ag . Azig]?, where ag, ,, is analo-
gously defined as G (Koa) with G}, (K, A2) being replaced by Gk .

where py o 1S & tuning parameter. Let K (A2) = argmini<g <k

To proceed, we add the following two assumptions, which parallel earlier Assumptions A4-A5.

ASSUMPTION B5. As (N,T) — oo, mini<k <k, infgoegy, 5%00 Lt QQAE > 0'2AE, where G'QAE =plim(N,1)— o0
N T 2

ﬁ Dim1 2opet (Aei)”.

ASSUMPTION B6. As (N,T) — o0, poyr — 0 and pynyeNT — 0.

The following theorem proves consistency of K (A2).

Theorem 3.6 Suppose Assumptions B1-B2 and B4-B6 hold. Then P(K (\y) = Ko) — 1 as (N,T) — oc.

4 Simulations

To evaluate the finite-sample performance of the classification and estimation procedure, we consider three

data generating processes (DGPs) that cover linear and non-linear panels of static and dynamic models. The
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observations in each DGP are drawn from three groups with the proportion Ny : Ny : N3 = 0.3 : 0.3 : 0.4.
We use sample sizes N = 100,200 and time spans T' = 15,25,50. Throughout these DGPs, the fixed effect !
and the idiosyncratic error €;; are standard normal, independent across ¢ and ¢, and mutually independent.

g+ 18 also independent of all regressors.

DGP 1 (Linear static panel) The observations (y;, x;;) are generated from the linear panel structure model
as in Example 1. The exogenous regressor z; = (0.2uY + eir1,0.2uY + eir2)’, where ej1, €2 ~
IID N (0,1), are mutually independent, and independent of ;Y. The true coefficients are (0.4,1.6),
(1,1), (1.6,0.4) for the three groups, respectively. PLS will be applied in this DGP.

DGP 2 (Linear panel AR(1)) The dependent variable is determined by its lag term and two exogenous re-
gressors Tt and T3 in y;p = ,8?1 Yit—1+ B?2$it2 + ngxitg +pd(1— ,6’?1) + €it,- The exogenous variables
are standard normal and mutually independent. For each 4, the initial value is specified to guaran-
tee that the time series (yio,...,y:r) is strictly stationary. The true coefficients are (0.4, 1.6,1.6),
(0.6,1,1), and (0.8,0.4,0.4). The AR(1) coefficients represent weak, moderate, and strong persis-
tence, respectively. PGMM will be used to estimate the first-differenced model with the instruments

(Yi.t—2, Yit—3, ATip2, Azyz). In the Supplementary Material, the same DGP is also estimated by PLS.

DGP 3 (Probit panel AR(1)) As in Example 3, the binary dependent variable y;; = 1{8% v+ 1 + Booir +
6?3 + ud —e;x > 0}. The exogenous regressor x;; = 0.1u) + e;;, where e ~ IID N(0,1) and is
independent of all other variables. The true coefficients are (1,—1,0.5), (0.5,0,—0.25), and (0,1, 0).
BY, and ), are identifiable in this model, whereas 8% is unidentifiable as it is absorbed into the

individual heterogeneity. PPL will be implemented in this DGP.

Since both classification consistency and the oracle property hinge on the correct number of groups,
our first simulation exercise is designed to assess how well the proposed IC selects the number of groups.
Asymptotically, all sequences p; yp work if they satisfy Assumption A5 or A5* and so do the sequences pq -
if these satisfy Assumption B6. In practice, the choice of p,yr, 7 = 1,2, can be crucial. We experimented

with many alternatives, and found that p;np = 2(NT)~1/?

, j = 1,2, work fairly well in the linear models
and so does p;yp = +(InInT)/T in the Probit model. They are used throughout the simulations as well as
the empirical applications.

Regarding the C-Lasso tuning parameter, we specify A\; = cy; sg/T*I/3 for 7 = 1,2 in the linear models,
where s%- is the sample variance of g;; for PLS or the sample variance of Ay;; for PGMM, and ey €
{0.125,0.25,0.5,1,2} (j = 1, 2), a geometrically increasing sequence. In the Probit model, we also specify
A1 = ¢\, 52T~ Y/3, but the constant ¢y, € {0.0125,0.025,0.05,0.1,0.2}, as this criterion function is at a
different magnitude from the linear models. Following Remark 6, we pick up from the set of candidate
values the A; that minimizes ICy (K (A1), A1) and similarly the Ay that minimizes 1C5(K(A2), A2). We run
500 replications for each DGP. Table 1 displays the empirical probability that a particular group size from
1 to 5 is selected according to the IC when the true number of groups is 3. In the linear models, the
IC achieves almost perfect selection of the true group number when 7" = 25. In the Probit model, the
correct determination rate is also close to 100% when T = 50, although the rate is lower than that of the
linear models when T' = 25, due to the presence of incidental parameters. These statistics demonstrate the

usefulness of the IC.
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Table 1: Frequency of selecting K =1,...,5 groups when Kq =3

N T DGP 1 DGP 2 DGP 3

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
100 15 0 0 0.994 0.004 0.002 0 0.232 0.762 0.004 0.002
100 25 0 O 1 0 0 0 0.016 0.984 0 0 0 0.096 0.646 0.242 0.016
100 50 0 O 1 0 0 0 0 1 0 0 0 0 0.986 0.014 0
200 15 0 O 0.890 0.106 0.004 0 0.022 0.970 0.008 0
200 25 0 O 1 0 0 0 0 1 0 0 0 0.106 0.668 0.226 0
200 50 0 O 1 0 0 0 0 1 0 0 0 0 1 0 0

Next, given the true number of groups, we focus on the classification of individual units and the point

estimation of post-Lasso.?

Due to space limitation, all tabulated results are produced under cy;, = 0.5,
j = 1,2, for the linear models, and c), = 0.05 for the Probit model. The outcomes are found robust
over the specified range of constants. Column 4 of Tables 2 shows the percentage of correct classification
of the N units, calculated as + ZkK:OI icCn 1{8Y = al}, averaged over the Monte Carlo replications.
Columns 5-7 summarize the post-Lasso estimator’s root-mean-squared error (RMSE), bias, and the coverage
probability of the two-sided nominal 95% confidence interval. To save space, we report the results for the
first coefficient oy = (akl)szol in each model. As a; is a Ky x 1 vector, we averaged over the statistics
by their weight N /N, k = 1,..., Ky. For example, in DGP 1 and 3 the coverage probability is computed
as 25201 %’f—l {dék,l —1.96611 < 0‘21 < dék,l + 1.96&k1}, where 61 is the estimated standard deviation
of &élwl; in DGP 2, Qg, 1 and 0k replace their counterparts dék,l and 61, respectively. For comparison
purpose, Columns 8-10 show the corresponding statistics of the oracle estimator &Gg q or &Gg,r The only
difference between the oracle estimator and the post-Lasso estimator is that the former utilizes the true
group identity Gg, which is infeasible in practice, while the latter is based on the data-determined group Gy
or Gy.

As expected, the correct classification percentage approaches 100% as T increases, and the oracle estima-
tor’s RMSE and bias are typically smaller than those of post-Lasso. When T' = 50, post-Lasso and the oracle
perform almost identically in DGP 1. In DGP 2, the PGMM confidence interval covers the true parameter
slightly more often than the oracle, since the estimated standard deviation is inflated by a few misclassified
units, which hide as outliers against the majority of the group members. The same reason explains the mild
discrepancy of RMSE in DGPs 2 and 3. However, the confidence interval in DGP 3 under-covers due to
the extra complexity of the bias caused by incidental parameters. Here the bias in post-Lasso is effectively
reduced by the half-panel jackknife (Dhaene and Jochmans, 2015), but it cannot be completely eliminated

in finite samples.

5 Empirical Applications

In this section we illustrate the use of C-Lasso in two cross-country studies. We explore the determinants of

savings rates via a linear dynamic panel model and the relationship between civil war incidence and poverty

4Here we report the results for post-Lasso under Kp. In Table S3 of the Supplementary Material, we also compare the RMSE
and bias of post-Lasso and C-Lasso under Ko and the IC-determined group number K or K.
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Table 2: Classification and Point Estimation of o

% of correct Post-Lasso Oracle
N T classification RMSE Bias Coverage RMSE Bias Coverage
DGP1 100 15 0.8935 0.0594  0.0105 0.8758 0.0463  0.0012 0.9336
100 25 0.9674 0.0384  0.0018 0.9344 0.0353  0.0001 0.9362
100 50 0.9964 0.0249  0.0000 0.9528 0.0245 -0.0002 0.9348
200 15 0.8987 0.0432  0.0077 0.8650 0.0324 -0.0013 0.9410
200 25 0.9661 0.0272  0.0015 0.9228 0.0250 -0.0006 0.9394
200 50 0.9966 0.0174  -0.0001 0.9496 0.0171  -0.0002 0.9424
DGP2 100 15 0.8063 0.0711 -0.0123 0.9562 0.0502  -0.0037 0.9090
100 25 0.8974 0.0461  -0.0060 0.9760 0.0351  0.0011 0.9336
100 50 0.9689 0.0278  -0.0011 0.9860 0.0242 -0.0010 0.9320
200 15 0.8151 0.0557  -0.0159 0.9436 0.0352  -0.0017 0.9308
200 25 0.9037 0.0328  -0.0047 0.9664 0.0252  -0.0006 0.9442
200 50 0.9711 0.0193 -0.0014 0.9842 0.0164  0.0000 0.9304
DGP 3 100 25 0.7941 0.1701  0.0805 0.7856 0.1077  0.0114 0.9376
100 50 0.9456 0.0859  0.0231 0.8970 0.0752  0.0090 0.9504
200 25 0.8277 0.1325  0.0777 0.7214 0.0821  0.0116 0.9104
200 50 0.9527 0.0635  0.0223 0.8818 0.0573  0.0121 0.9280

via a dynamic Probit model. Due to space limitation, we only report the estimated coefficients in the main
text. Summary statistics, group membership, and additional details of implementation can be found in the

Supplementary Material.

5.1 Savings Rate Dynamic Panel Modeling and Classification

Understanding the disparate savings behavior across countries is a longstanding research interest in de-
velopment economics. Theoretical advances and empirical studies have accumulated over many years; see
Feldstein (1980), Deaton (1990), Edwards (1996) Bosworth, Collins, and Reinhart (1999), Rodrik (2000),
and Li, Zhang, and Zhang (2007), among many others. Empirical research in this area typically employs
standard panel data methods to handle heterogeneity or relies on prior information to categorize countries
into groups. Classification criteria vary from geographic locations to the notion of developed countries ver-
sus developing countries (Loayza, Schmidt-Hebbel and Servén, 2000). This section applies the methodology
developed in the present paper to revisit this empirical problem.

Following Edwards (1996), we consider the simple regression model
Sit = ﬁlisi,t—l + ﬁzifit + BgiRit + ﬁ4iGit + p; + it (5-1)

where S;; is the ratio of savings to GDP, I;; is the CPI-based inflation rate, R;; is the real interest rate,
G is the per capita GDP growth rate, p,; is a fixed effect, and ¢;; is an idiosyncratic error term. Inflation
characterizes the degree of the macroeconomic stability and the real interest rate reflects the price of money.
The relationship between the savings rate and GDP growth rate is well documented, with the latter being
found to Granger-cause the former (Carroll and Weil, 1994). The first-order lagged savings rate is added to

the specification to capture persistence of the savings rate.
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Data are obtained from the widely used World Development Indicators, a comprehensive dataset compiled
by the World Bank. For many countries the time series of real interest rates are often short in comparison
with the other variables. Using the time span 1995-2010, we were able to construct a balanced panel of
56 countries. Substantial heterogeneity across countries was observed in all these major macroeconomic
indicators. Evidence of within group homogeneity is therefore particularly important in supporting panel
data pooling techniques.

This dynamic panel model can be estimated by either PLS or PGMM. We first try PLS, which has
higher correct classification ratio in our simulation when 7' = 15. Following the simulation, p, y7 is set as
%(N T)_l/ 2 and the IC picks two groups and the tuning parameter constant cy, = 1.55 over all combinations
of K =1,...,5 and ¢, in a geometrically increasing sequence of 10 points in (0.2,...,2). Based on this
choice of tuning parameter, the data determine the group identities. Interestingly, some geographic features
remain salient in the classification. For example, we observe a strong collection of Asian countries in Group
1. In particular, except for South Korea and the city state Singapore, Group 1 includes all Eastern Asian
and Southeastern Asian countries in our sample, namely, China, Japan, Indonesia, Malaysia, Philippines,
and Thailand.

Table 3: PLS and PGMM estimation results

Variables PLS PGMM

Pooled FE Groupl Group2 Pooled GMM  Groupl Group?2

Lagged savings 0.7609"** 0.6952"**  0.6939"** 0.5854 0.4026 0.6373"*
(0.0322) (0.0433) (0.0449) (0.4588) (0.3095) (0.3197)

Inflation —0.0145 —0.1601"**  0.1967*** 0.0350 —0.1647*" 0.4128"**
(0.0324) (0.0388) (0.0435) (0.0621) (0.0733) (0.0758)
Interest rate —0.0346 —0.1490"**  0.1226™** —0.0333 —0.1580"* 0.1395"
(0.0313) (0.0397) (0.0408) (0.0598) (0.0729) (0.0775)

GDP growth 0.2027*** 0.2892***  0.1127** 0.2081*** 0.1853***  0.2061**
(0.0353) (0.0413) (0.0517) (0.0541) (0.0627) (0.0908)

Note: *** 1% significant, ** 5% significant, * 10% significant

Columns 3—4 in Table 3 report the results for the PLS-based post-Lasso estimation, in comparison with
those for the pooled FE estimation in Column 2. The estimates are bias-corrected by the half-panel jackknife
(Dhaene and Jochmans, 2015), and the standard errors (in parentheses) are clustered at the country level.
Compared with Edwards (1996), the FE results re-confirm the significance of lagged savings and GDP growth
rate as well as the insignificance of inflation and interest rates in the determination of savings rate. This
result also lends support to the conventional wisdom that across countries higher saving rates tend to go
hand in hand with higher income growth (e.g., Loayza, Schmidt-Hebbel and Servén, 2000). The post-Lasso
estimates deliver some interesting findings. First, the coefficients of the inflation rate and the real interest
rate become significant in both groups but have opposite signs, which lead to insignificant effects in pooled
FE estimation. Second, the coefficient of the GDP growth rate is significant at the 5% level, which suggests
that conventional wisdom is universally relevant and applies both within and across groups.

To check the robustness of PLS, we compare it with PGMM on the same data. The IC with pyyp =
2(NT)~%/? is minimized at K = 2 and c,, = 0.72 among the same combinations of K and cy, for PLS. The
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estimated group identities reveal 84% overlap with the PLS classified membership, and the coefficients in

columns 6-7 of Table 3 are comparable to those from PLS.

5.2 Dynamic Probit Panel Modeling of Civil War Conflict

According to a conservative estimate, direct casualties from civil conflicts were at least 16.2 million in the
second half of the twentieth century, a figure five times as large as the inter-state toll (Fearon and Laitin,
2003). Civil war damage to national development has attracted interest among economists and political
scientists, looking at both causes and consequences, and leading to an explosion of research output (Miguel,
Satyanath, and Sergenti, 2004; Besley and Persson, 2010; Nunn and Qian, 2014). A comprehensive overview
was given in Blattman and Miguel (2010).

This section revisits the connection between civil wars and poverty, a topic of enduring research interest.’
Cross-country empirical work mostly follows Fearon and Laitin (2003) and Collier and Hoeffler (2004) in
regressing war onset or incidence against posited causes of civil conflict. Country-specific heterogeneity is
handled either by control variables or fixed effects. In view of the measurement error in many macro variables
and the difficulty in exhausting all relevant factors, Djankov and Reynal-Querol (2010) explored the fixed
effect approach in linear regressions. Group-specific heterogeneity was also investigated after identifying
groups using observed information relating to former colonial families (Djankov and Reynal-Querol, 2010)
or continental regions (Esteban, Mayoral, and Ray, 2012). Without such information, PPL can deal with
unobservable country- and group-specific heterogeneity simultaneously in a nonlinear model.

We use the replication data in Fearon and Laitin (2003). Since most of the variables in the dataset are
time-invariant country characteristics, we collect civil war incidence, GDP per capita and log population to
generate a balanced panel of 38 countries and 39 years spanning from 1960 to 1998.5 We specify a panel
AR(1) Probit model as in DGP 3 to capture the high persistence of civil war incidence, and we transform
GDP per capita and log population into growth rates to avoid non-stationarity.

The IC with p;nr = i(ln InT)/T selects two groups and the tuning parameter constant cy, = 0.046
from all the combinations of K = 1,...,5, and ¢y, from 10 points in the geometrically increasing sequence
(0.01,...,0.1). C-Lasso classifies 23 countries into a “high-occurrence” group (with mean civil war incidence
0.4302), and the other 15 countries into a “low-occurrence” group (with mean incidence 0.2263). In terms of
geographic features, Iran and Jordan are separated from all the other 12 Asian countries, most of which are
plagued by civil wars; the four included European countries (Cyprus, Russia, UK, Yugoslavia) all fall into
the low-occurrence group.

Table 4 displays the estimated PPL coefficients along with those for standard Probit and FE Probit
regressions. Again, the estimates are bias-corrected by the half-panel jackknife, and the standard errors
are clustered at the country level. Obviously, civil war incidence is highly persistent, and its association
with GDP per capita growth remains robust in Probit and FE Probit regressions. However, the effects

are distinguished in the two groups: the negative coefficient is statistically significant in the low-occurrence

5Tt was taken as a stylized fact in pooled regressions that “civil wars are more likely to occur in countries that are poor”
(Blattman and Miguel, 2010), but Djankov and Reynal-Querol (2010) found “the statistical association between poverty and

civil wars disappears once we include country fixed effects [into a linear panel model].”
6Between 1960-1998, there are 102 countries with data on all the three variables available. However, 61 of them had no civil

war in the sample period and 3 had on-going civil wars throughout the time. These countries are dropped from the data, since

they are associated with infinite (—oo or co) fixed effects in a FE Probit model.
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group, but no such relationship is found in the high-occurrence group.

Table 4: Probit, FE Probit and PPL estimation results

Variables Probit FE Probit Post-Lasso PPL
high-occurrence low-occurrence
coef. s.e. coef. s.e. coef. s.e. coef. s.e.
Lagged civil war 3.1955"**  0.1156 3.2649***  0.1140 3.3012***  0.1363 2.9630***  0.2707
GDP per capita growth  —0.4359***  0.1155 —0.3854™**  0.1389 0.1591 0.1193 —1.2072***  0.2220
population growth —0.0125 0.1107 0.0162 0.1284 —0.0448 0.1429 0.2811 0.1736

Note: *** 1% significant, ** 5% significant, * 10% significant

6 Conclusion

We propose a novel and systematic approach to identify and estimate latent group structures in panel data,
developing panel penalized profile likelihood (PPL) and panel GMM (PGMM) methods for classification and
estimation, and providing asymptotic properties for use in inference. The PPL method enjoys the oracle
property but PGMM typically does not. Post-Lasso estimates are also studied and a BIC-type information
criterion is proposed to determine the number of groups. These techniques combine to provide a general
approach to classifying and estimating panel models with unknown homogeneous groups, heterogeneity across
groups, and an unknown number of groups. Simulations show that the approach has good finite sample
performance and can be readily implemented in practical work. Two applications reveal the advantages of
data-determined identification of latent group structures in empirical panel modeling.

The present work raises interesting issues for further research. First, it may be appealing to consider
a more general framework that allows the number (Kj) of groups to grow with the sample size. Close
examination of the theory provided in this paper suggests that it is possible to permit Ky to increases with
N but at a very slow rate. Second, both the linear and nonlinear models may be extended to include time
effects or interactive fixed effects (IFE). In linear models with IFE but without endogeneity, we remark that
the present approach can be used in conjunction with principal component analysis to address cross sectional
dependence modeled through IFE. Extension to nonlinear models or to models with endogeneity will raise
new statistical and computational challenges. Third, our method can be extended to nonstationary panels
where panel unit and cointegrating relationships may possess latent group structures. Some of these topics

will be explored in future work.
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APPENDIX

A Proofs of the Results in Section 2

Proof of Theorem 2.1. (i) Let Qin7,; (8;) = T Zt 1 ¥ (Wit By, fu; (B;)) and QMNT N (Bis ) = QinT,i (B;)
+)\1HkK°1 I8; — ax|l - Let b; = 8, — ﬂ? and b; = Bi ﬂ?. Since f1; (3;) = argmin,, 7 thl U (wit; B, 14;) , We
have £ T Zt L Vi (wig; By, 15 (B;)) = 0V B;. Then by second order Taylor expansion and the envelope theorem,

we have
A L T ) ) T
Qinti(B;) — Qint,i (B)) = T ;211 (wmﬂ (B, ) - :7 2 ¥ (wies 87, 1 (B7))
= B8+ 5Hias(B)b: (A1)

where B lies between ﬂ and ﬂ elementwise, S; = T Zt 1 (wlt,ﬁwul (60)) , and

16/3 Z [ (wit; By, f1; (B;)) + Ui’” (wit; B;s 1; (B;)) 3,&5;/@)} . (A.2)

By Lemmas S1.6 and S1.10 in the Supplement, S; = Op (T-2), + Zf\’:1 15]|2 = Op (T7'), and ¢z =
ming<;<n foin(Higs (B;)) > car — op(1). By the triangle and reverse triangle inequalities,

R N N Et)]
5= o 1199 = el {1~ | = 188 — ol

Ko
e,

o[ -y 90— aef | < [y

+’HK0 2
+’H 2||B ak”{

< énr (o) ’

B = 12— ]}

(A.3)

where & () = T |8, — ||+ T 2|8, — | |87 — v ||+ + T2, || 87 — ax|| = Op (1). By (A1),
(A.3) and the fact that ngjgh(ﬁi,a)_cgggg;h (82, &) <0, we have cp |[bi|[2 < 2(||Ss]|+énr (6) M) [l
Then, by Assumptions Al(v)

—1 A

w (s

(ii) Let 3 =B° + T-1/2y, where v =(v1,...,0n) is a p X N matrix. We want to show that for any given

(&) Al) —Op (T—l/2 + Al) . (A.4)

€* > 0, there exists a large constant L = L (¢*) such that, for sufficiently large N and T we have

P inf (Ko + T2y, &) > 0. a%) % >1— ¢ A5
{leﬁ‘l’nlllvilz—LQlNT’\l (5 v ) Q1NTA1 (8 = € (A.5)

This implies that w.p.a.1 there is a local minimum {3, &} such that N1 Ziil |b:]|2 = Op (T—') regardless
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of the property of &. By (A.1) and the Cauchy-Schwarz inequality
T[Q, (B +T72v,6) - QIR (8% @)

N N N
1 s . VT 7 & )\1 K
= W; viliss (5 ”i*W; vﬁfw; 2
Cq N 1 N 2 T N
> _HZ 112 _ _Z 112 _Z’ :
B 2N i=1 H/Ul” {N i=1 HDZ“ } {N =1 S

Noting that ¢z = ¢y —op(1) and & ZZ L1Sil? = Op(1), Dinr dominates Doy for sufficiently large L.
That is T[Qggoq)ﬂ,/\l (,30 + T2y, a) QggoT 5" (ﬁo, 9)] > 0 for sufficiently large L. Consequently, we must
have N~' SN [[b]]2 = Op (T71) .

(iii) Let Py7 (B, @) = % Zf\il I, ||8; — cx || By the Minkowski inequality and the result in (i), as
(N,T) = o0

-

1/2
2
} = DinT — DanT, say.

e (@) < {3, Do+ {3 - P — o[} 1189 — e
o+ T, ||ﬁi — o]
= 18 — |
< O (o "< O () ) (A.6)
where the a, are finite integers and C, (@) = maxi<i<x, MaXi<s<k,—1 1L} _ ks ||a? — akHKoflfs =0(1)
as Ky is finite. By (A.3) and (A.6), as (N,T) — oo
X | X N
Pyr(B,a) = Pyr (8.0)| < Ciy (@) 5> | Z
i=1 i=1
L ) V2
< Ck, (a) {N IA)l } + OP(T_l) = OP(T_l/Q). (A?)
i=1
y (A.7), and the fact that Py (8°, @) = 0 and that Pnr(B, &) — Pyr(B,a®) <0, we have
0 > Pyr(B,&) = Pyr(B,a”) = Pyr (8°,&) — Pur (8% a°) + 0p(T7'72)
N
= Z o 187 = ||+ Op(T71/2)
_ DI, [l — 0]+ I, [l — ale, ||+ Op (). (A8)

By Assumption Al(vii), Ni,/N — 71 € (0,1) for each k = 1, ..., Ky. So (A.8) implies that l_[kKO1 Hak — o || =
Op (T71/%) for 1 =1,..., Ko. It follows that (1), ..., (k) — (af,....a%,) =O0p (T71/%). W

Proof of Theorem 2.2. (i) First, we fix k € {1,..., Ky} . By the consistency of &y, and 3; in Theorem 2.1
and Assumptions A1(vi)-(vii), 8; — & il ad—a? #£0forallie GY andAl # k and ¢ = Hfi]l,#kllﬁi — | il
A= Hfijl,l# laf — af|| > Kot > 0 for i € GY. Now, suppose that ||3; — é|| # 0 for some i € GY. By the
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envelope theorem, the first order condition (with respect to ;) for the minimization problem in (2.5) yields
that

Sl
M’ﬂ

Opx1 = (me“Mz( Y+ VT Zew 111 &ZH
t=1
1 « Aié 1 o
= = ZUit + Alikzl + Hzﬁﬁ \/T (32 - ) Z w’LtaBz):u‘z (5?)) - Uit]
\/thl )52 *OékH VT t=1
— KO A
+HigpVT (@ = af) + VA > el |3 - a
J=1,j#k
= Bil + B + Bis + Bis + Bis, (A.9)
where é;; = if ||3; — &;|| # 0 and [|&;] < 1 otherwise, the second equality follows from the first

B,—é
order Taylor L[Xpanb'lon and rearrangement of terms, H,;55 = f{iﬁﬁ (,Bl) , f[lﬂg (-) is defined in (A.2), 3, lies
between Bi and ﬂo elementwise.

Let sanp = (T2 (InT)% + A1) (InT)” . Let C denote a generic constant that may vary across lines. By
(A.4) and Lemmas S1.6-S1.7 in the Supplement, we can readily show that

P (max ) =0 (N*I) for some C > 0, (A.10)
which in conjunction with the proof of Theorem 2.1(iii), implies that
pP (\/T | r — a%” > C(lnT)V) =o(N7') and P (mgx ki — ck| > ck/2) =o(N71). (A.11)
1€

By (A.10)-(A.11), P (maxiecg ) = o (N~'). Combining these results with those in
Lemmas S1.6(v) and S1.11(i), we have P (Epn7) =1—0(N7'), where

SNt = {Hela): ki — cp] < Ck/2} N {?é%)g;( | Hiss — Higs (8Y)]| < CH/2} N {:2232( HBw
N {max Bia (lnT)V} N {max }
i€GY i€GY)

Then conditional on =7, we have uniformly in i € G%

< C(ln T)3+”}

H (BZ - @k>/ (Bz‘Q +Biz + B + Bis) ‘ > H (BZ - @k)IBz‘Q - H BZ - &k)/ (Bw + B + 315) ‘
> VTAié ||B; — akH — o akH [ 2(InT)*™ + \/_AlxlNT}
> VTa B ’ akH /4 for sufficiently large (N,T),

where the last inequality follows because vT'A; > 2 (In T)3+V + VT A san7 by Assumption A2(i). Then for
all ¢ € Gg we have

P(Eynrs) = P(z‘¢ék|ieGg)=P( Bi

(o) o |

P (HB“ > VT4, EkNT) +P(Enp) — 0as (N,T) — oo,

IN

= B,
~ l A A A A
> ‘ (@' — Gy, (Bz'Q + Bjz + Bjs + Bis)

IN
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where =f \ denotes the complement of Z;np and the convergence follows by Lemma S1.6(iv) and Assump-
tion A2 . Consequently, we conclude that with probability 1 —o (N _1) the difference Bi — &y, must reach the
point where || 3; — ay || is not differentiable with respect to 3; for any i € G{. That is P ( 3, — dkH =0]ie€ Gg) =
1-o0 (N ’1) .

For uniform consistency, we have: P(Uf:‘)lEkNT) < ZkK:01 P(EkNT) < 25:01 Ziecg P(EA;CNT,Z') and by
Lemma S1.6(iv)

Ko
Z Z P (EAkNTJv) < Z Z { (Héil > VT ) /4, EkNT) +P(52NT)]
k=1icGY =1ieGY
T
< ng%vp ( |% ;Uu > A1c§°1/4> +o(1)=o0(1). (A.12)

This completes the proof of (i).
(ii) Pretending each individual’s membership is random, we have P (i € G}) = N /N — 75, € (0,1) for
k =1,..., Ky and can interpret previous results as conditional on the group membership assignment. By

Bayes theorem,

P(Fynri) = 1—PlieGY|ieGy)

ZZKUI (S Gili € GY)P (ieGy) (A.13)
 PieGlie GYP e G+ L PlieGrlie GYP (i€ GY) ‘

For the numerator, we have by (A.12)

Ko KO
S P(ieé‘kﬁeG?)P(ieG?) < K-y Y P(i¢él|i€G?> —o(1).
I=L1#k ey, =1 ieG?
In addition, noting that P(i € Gili € G) =1 — P(i ¢ Gili € G9) =1 — 0 (1) uniformly in i and k by (i),
we have that P(i € Gili € G9)P (ieGY) + leijlyl?ﬁk P(i € Gipli € GO)P (ieG))>P(icGY)/2wpal.
It follows that

P (UkK:()leNT) < Z Z (FkNT z) >
k=1;eG,
1
— # —o(1).m
mlnlSkSKo Tk/2

2520171# Yiee, P (Z € Gylie G?) PieGy)

minlSiSN minlSkSKO P (’L S Gg) /2

Proof of Corollary 2.3. Noting that N}, = Zf\r L 1{i € Gy}, Ny = ZZ i e @YY, and 1{i € Gy} —1{i €
GV} =1{i € Gx\GQ} — 1{i € GY\G4}, we have N}, — N, = Zz 1{i € GR\G}— 1{i € GY\G}]. Then by
the implication rule and the Markov inequality, for any € > 0,

P (]Nk - Nk’ > 26) <P (i 1{i € G\GY} > e> +P (i 1{i € GO\Gy} > e)

i=1 i=1
1 | N

=S P(F i) =) P(E )
e 2 ENT,i | + e 2 ENT,

25



By (A.12), "N P(Exnri) = Y00, > icqo P(Einr,i) = o(1) . By the proof of Theorem 2.2(i), SN P(Funr)
= 25:01 icC P(Eyn,i) = 0(1). Consequently, P(|Nj, — Ni| > 2¢) = o (1) and the conclusion follows. W

Proof of Theorem 2.4. To study the oracle property of the Lasso estimator, we utilize conditions from
subdifferential calculus (e.g., Bersekas (1995, Appendix B.5)). In particular, necessary and sufficient Karush—
Kuhn-Tucker (KKT) conditions for {3} and {&;} to minimize the objective function in (2.5) are that for
eachi=1,...,N (resp. k =1,..., Ky), 0,x1 belongs to the subdifferential of QggOTA (8, @) with respect to
B; (resp. ) evaluated at {3;} and {@x}. That is, for each i = 1,..., N and k = 1, ..., Ky, we have by the

envelope theorem,

T Ko
1 AL R K, P N
0p><1 = T tZ:; U (wzt, /8i7 ,uz(ﬁz)) + )\1 ]Z:; eZ]Hl:[)lJ;ﬁ] i O(l 9 (A.14)
A N
1 K p ~
0p><1 = N Z: zkHl:Ol,l?sk i Oél) , (A'15)

where ¢é;; is defined after (A.9). Fix k € {1,..., Ko} . Observe that (a)

A-—dkH:()foranyiEC;’k by the

definition of Gy, and (b) B; — al il ozk —a #0 for any i € Gy and [ # k. Tt follows that ||| < 1 for any

i € Gy and €ij = T :a ” |le Fy for any ¢ € G and j # k. Then by the fact that B =q, Vi € Gk and
(A.15),
SN s hoal- T Y G =00 (419
i€Gy, I=LJ#k i€Gy J= 1J7ék
and
Opx1 = Zezknl 1,1k Oél”

O‘lH + Z Z eI 1 10— du|

= Z ezknl 1,12k llan — aull + Z ezkHz 1,l#k

ieGy i€Go J=L3#k ieq,

J— 5 KO A ~ A Ko p A

= E eiknl:u;ék llan — ull + E eikHl:l,l;ék i ’ ) (A.17)
ieék iEGo

where the last equality follows from the fact that Zf:‘)l’jik Zieéj éikHleol,z;ék o — éull = Zf:”l,j#k Zieéj

”—g%ﬂﬁl,l# |l&; — é&4|| = 0. Then averaging both sides of (A.14) over ¢ € Gy, and using (A.16)-(A.17),

we have
p><1 T E E U wlt7ak§7/j/z ak + ~ § ezkHl 1,1#k
ieGy, t=1 16(}'0

alH (A.18)

Using U; (wit; dk,ﬂz(dk)) = U; (wir; o, f1;()) + Hry (s — 0ff) with H(k) = 57 icen T (U (wirs i,
f1;(G)) +UL (wig; &3, i (g ))aﬂééol:’“)] and &, lying between dy, and of elementwise, and re-arranging terms
in (A.18) yield

ap — 012 = (k:) NkT Z ZU wlhakv/j/z(ak)) +Rk7’
ZGGk t=1
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where Ry, = PAI(_,C;%VL Zieéo éikHlK:OLl;ék H In view of the fact that, elkHl 1tk — ole = 0 only if

i € Gy, we have for any € > 0

Ko KO
P (\/NT HRkH > e) <y Yp (z e Goli e Gg) <S> Yp (z ¢ Culi € Gg) —0(1) by (A.6).
k=14ieG9 k=1ieq)
So HRkH = op((NT)" 1/2) By Lemmas S1.11-S1.12, \/_ZzeGk Zt VUi (wigs ), 15(a2)) + Brnr L
N (0,9) and H = Hynt + op (vyT) where vy = min(1, /T /Ni). These results in conjunction with
the fact that BkNT = Op(y/Ny/T) and Assumption A3(ii) imply that /NyT (dk — ag) — H,;J%,TB;QNT L2
N (0,H, ' Q(H,')) . |
Proof of Theorem 2.5. For the post-Lasso estimator, we have the following first order conditions:

NkT dicen, Zt VUilwis g (6, )) = Opxa. Following the analyses of fi;(5;), B, and 9ji;(8;)/08; in
Lemmas S1.5, S1.7, and S1.9, we can readily establish the consistency of fi, (o), &g, , and of,;(B;)/08; in

the absence of the Lasso penalty term. By Taylor expansion, we have

Qg — o) = Gk NkT Z ZU (wie; o, 1, ()
ieGy t= 1
i w0 A e PNV o _—
where HGk = NkT ZzeGk Zt U (wis ag,  15(Gg, ) + vl (wit; G, (1 (0, ))Of; (0, ) /O] and G lies

between aGk and ozk elementwise. Following the analysis of H (k) in Lemma S1.13, we can also show that
Hék = Hj + op (1). This result, in conjunction with Lemma S1.12, implies that NyT(&q, — ) —
H; 'Binr 2 N (0, H; ' Qp(H; 1)) . B

Proof of Theorem 2.6. Let K = {1,2,..., Kjyax}. We divide K into three subsets: Ko = {Ko}, K- =
{KeK: K< Ky},and Ky ={K € K: K > Ky}, in which the true, under-, and over-fitted models are

K T . o A .
produced, respectively. Let O'G(K ) = I DicCr () 2ot Y(Wits G (g apys i@y (1 0,)))- Using
Theorems 2.2 and 2.5 and Assumption A5, we can readily show that IC} (Ko, A1) = &?}(Ko,)q) + pinTPKo =
By i€C (KoA) S (wie; 0, 1) + op (1) £ 1 (92) . We consider the cases of under- and over-
fitted models separately.
Case 1: Under-fitted model. In this case, we have K < K. Noting that

~2 . . 9

64 > E E E wit; g Qg = min inf G4k

G(K,\1) 1<K<K0G<K)€g NTk < £ im 1¢ ity Kkvuz( Kk)) 1<K <Ko GU) eGx G(K)»
i€Gr &

we have by Assumptions A4-A5 that mini<x <, IC1 (K, A1) > mini<g<r, infguo eg, (}éug + pinrPK il
In(g?) > In(o3). It follows that P (mingeq_ ICy (K, A1) > ICy (Ko, A1) — 1.

Case 2: Qver-fitted model. Let K € 4. By Lemma S1.14 in the supplemental appendix and the fact
that Tp; yp — 00 under Assumption A5, we have

P (Knéi& IC (K, A1) > ICy (Ko, >\1)> = P <Knéié1+ [T(&g(ml) ~ 8 kyny) T Toine (K — Ko)] > 0)

— las (N,T)—

It follows that P(K(\) = Ko) — 1 as (N,T) — oco.
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B Proofs of the Results in Section 3

We start by proving a useful technical result and then proceed to prove the main results. Let Viyr (5;)

[ Simr p Cio B Winr (5 32y p (Ears B, and Vi (8;) = {5 3002, Bl (€0 B)1Y Wi i B [0 (€41 8:)]
Let Rir (8;) = (5 X imi{p (€5 B:) = Blo (&, BN Wildk Timidp (6 8:) — B o (€5, 8]}

Lemma B.1 Suppose Assumption Bl(iv) hold. Then P(c[3V; (8;) — Rixr (8;)] < Vint (8;) < €[2V; (B;)
+2R; 7 (B;)]) =1 —0 (N7 for all B; € B;, where ¢ and € are some generic positive constants that do not
depend on i with 0 <c <1< ¢< o0.

Proof. Let Ayr = {max; [|[W;nr — W;| < Ccyy} for some C € (0,1). Then P (Anr) =1—0(N"1) by
Assumption B1(iv). On the set Ayr, we have

T T ! T
=P € B | Wi | D 0 () TZpém ]W %Zp(ﬁit,ﬂ»] (B.1)
t=1 t=1 t=1

for all 5, € B;. By positive definiteness of W; and simple manipulations, we can readily show that

/

<Vinr(B;) <¢

1
(a—b) W;(a—0b) > §a'Wia — Wb and (a —b)' W; (a — b) < 2a/Wja + 26/ W;b

for any conformable vectors a and b. Taking a = %ZleE[p (&, B8;)] and b = %ZtT:l{p (€10, B:) —
Elp (&, 8:)]}, we have

!/

T T

Z (s B ] W, %Zp@it,m] > V(B — Rir (5,), and (B.2)
t=1

T ! T

Z gzt’ ] Wi %Zp(fit’/@z)] < 2‘_/1 (/Bz) +2R; 1 (Bz> : (B3)

t=1 t=1

Combining (B.1)-(B.3) yields the desired results. m

Proof of Theorem 3.1. (i) Let Q(zf(z\(}T , (Biy @) = Vinr (8;) + A2IT [|8; — ag| . Then Qg?vgh (B,a) =
~ ZZ 1 Qéﬁ\‘}T X, (Bis @) . By the definition of (,8, &), we have

Q2iNT 2 (B &) — Qaintng (BY, &) = Vinr(B;) — Vint (8)) + X2 {Hk 1 ’ OtkH T |89 - dkH} <.

By Lemma B.1 and Assumptions B1(i) and (iv), we have that VzNT( 3,) > [—V(BZ) R; 7] and Vg (8Y) <
¢[2V; (87) +2R? 1] = 2¢R? 1, on the set ANT, where R; 7 = R; 7(B;) and R?; = R; 7(B7). It follows that
c[3Vi(B;) — Rix] — 2eRY 1 + X {Hk L akH — T ||8Y — @ < 0, which can be rewritten as

V; (BZ> {2CR T+ cR; T — A2 (Hk 1 ’

o |~ T (|89 - )] (B.4)

By the arguments used to obtain (A.3) and (A.6), we have

. _ 2
)Hf:% i OékH — HkK:01 HB? - OJkH‘ < Ck, (o) <‘ i 0 ) . (B.5)
Noting that S Blp (6. 8)] = —Qizae (8; — B7) , we have
_ _ ~ _ 2
max Vi(B) = max_ (5, — 4 ) @ onaWiiene (B~ BY) > i max 3-8, B9
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where ¢y = Mini<i< N fhpin (Q) .0, WiQi za2) satisfies that liminf (7)o ¢ n7 > QWg% > 0 by Assump-
tions B1(iii)-(iv). Combining (B.4)-(B.6) yields
)]

] , where Cx, = Ck, (&) . Then

Bt <2 Bo— 89|+ 2B - 8¢

[ZCR?’T + QRi,T + )\QCN’KO (’

+2’

SNT ’

2
<

B; — B B; — B

[SWIN]

{25R2T + QRi,T + )\QC'KO

or, (Q1NT - %AQC’K0>

B; — BY

IA

= Op (T—1/2 n ,\2) . (B.7)

- oll2 )

Bi — B :OP<T_)-
The proof of (iii) is completely analogous to that of Theorem 2.1(iii), now using the facts that | Py7 (3, o)

—Pnr (ﬁoaa) ‘ = OP (Tﬁl/Q) and that 0 > PNT(Bad) - PNT(/éaa())' u

As in the proof of Theorem 2.1(ii), we can further demonstrate that + Zivzl )

Proof of Theorem 3.2. (i) First, we fix k € {1,..., Ko}. By the consistency of & and §; in Theorem
3.1 and Assumptions B1(v)-(vi), we have 3, — & L al —al £ 0forallie G and | # k and ¢ =
H{i(’l’#kﬂﬂi —ay| Lt ) =TI l¢k||a2 —a|| > cKo=1 > 0 for any i € GY. Now, suppose that Hﬂi - dkH #0
for some i € GY. Then the first order condition (with respect to 3;) for the minimization problem in (3.2)

implies that

T Ko
~ 1 ~/ 5 ~ B
Opx1 = _QQg,zAg;WiNT\/_T >z (Ayit - @Aﬂﬁz’t) + VT, > T ‘ Bi — OélH
t=1 =1
- 1 & Nodri - - .
= _2Q27ZAmWiNT\/_— Z zitAeq + %Ip +2Q) A WintQizne ¢ VT (@ - dk)
T t=1 ’ BZ - Oék‘
+2Q} A WintQizna VT (G — o) + VT A2 Y &I ‘ Bi— H
i=Li#k
= —Bi + Bix + Biz + Bia, say, (B.8)
where €;; = H%—:Zm if ||3; — ;|| # 0 and ||&;;]| < 1if ||3; — &;|| = 0. Following the proof of Lemma S1.7, we

can show that P (maxi 1B, — BY|| > 77) = o (N~1') for any given 1 > 0. With this, by (B.7) and Assumptions
B2(ii)-(iv), we can readily show that

P (maxHBi - B > C%QNT) =o0(N") for some C >0, (B.9)

where soon7 = (T2 (In T)3 + o) (InT)” . This, in conjunction with the proof of Theorem 3.1(iii), implies
that

1€

P (\/Tﬂak —ap||>C (lnT)”) =o(N7") and P (mg)g |Cki — cp| > cg/z) =o(N7"). (B.10)
k
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By (B.9)-(B.10), P(max;cqo ||Bia|| > CVTAasont) = o(N~'). By Assumptions B1(iii)-(iv), we have
P(maxiecg ||Q;ZAI ,NTQMAQJ - Ql AWiQiznzl| >n) =0 (N 1) for any 1 > 0. This result, in conjunc-
tion with (B.10), implies that P(max;cqo |Bis|]] > C(InT)") = o (N1 for some C > 0. It follows that
P(Tenr)=1-0 (Nfl) , where

Ciny = {max i — ] < 62/2} g {max [Wine — Wi < QW/2} N {max HQi,zAac = Qiznz|| < QQ/Z}
€GY ieGY) i€GY
N {max HBB S C(IHT)V} n {max HBM S C\/ T)\Q%QNT} .
i€G ieGY

Then conditional on I'y x7, we have uniformly in 7 € G%
(B@ - dk)/ (Bm + Bis + Bi4> > H (Bl - @k)/ Bis

VT sér; || B

VT 6 || ‘

because VT Ay > (InT)"” + VT \oseon by Assumption B2(i). Then by Assumptions B2(i)-(ii)

(3 ) (B + )

—ozkH[lnT —I—\/_/\2%2NT]

%

B -

v

akH /4 for sufficiently large (N,T),

P(EkNT,i) = P (Z ¢ ék | 1€ Gg) =P (Bﬂ = Bq;Q + Bi3 + 314)
. /. _ 'y . .
< P <’ (ﬁi - 5%) Bi| > )(ﬁz - 54k> (Bi2 + B3 + Bi4> >
< P (HB“ > Vhach /4, Tynr ) + P (Tiyg) — 0 as (N,T) = oo.

It follows that P(||Bl —agll=0]ie€ Gg) — 1 as (N,T) — oo. Now, observe that P(UfzolEkNT) <
Z,[f:“l P(Epnt) < 25:01 ZieGg P(EA'kNTJ) and by Assumption B2(ii)

S P (Br) < 353 (8

k=1ieG9 k=1ieGY)

IN

> VT o) /4, FkNT) + P(FENT)]

IA

T
~ 1
Nlr_<n%>§vp ( Qi Az WZNTT til 2it Aest

> Aach /4, FkNT) +o(1)

T
1 Ko—1
< — . . > 0 ~ —
Nlrgniz%xNP ( tg 1 zitAgit|| > Aacy, /(169Q9vv)> +o(1)=0(1),

where we use the fact that HQLZAQC

HVVzNT” > (HQZ,ZA%H - HQi,zAx - Qi,zAgc
coCy /4 on the set 'y yr. Consequently, we have shown (i).
(ii) The proof of (i) is almost identical to that of Theorem 2.2(ii) and is omitted. B

) (Wil = [Wanz = Wil) >

Proof of Theorem 3.4. The proof follows closely from that of Theorem 2.4. Based on the subdifferential
calculus, the KKT conditions for the minimization of (3.2) are that for each ¢ =1,..., N and k = 1, ..., Ky,

—

T
~ 1 ~/
Opx1 = —QQ;meiNTﬁ Zzit (Ayit - /BiACUit) Zeu 11,1 )7 and

~ |,

AL
Opx1 = Zelkﬂl 1,0k l
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where é;; is defined after (B.8). Fix k € {1,..., Ko} . As in the proof of Theorem 2.4, we can show that
Ve, QianaWine Yoy zir (A — & Azir) +32 e, eIl 4 I1B; —dull = 0yt wop.ad. It fol-
lows that &y, = &1x+Ry, where dyy, = (% D icén QIi7ZAmWiNTQi,ZAz)_1 X b Y i QQ,ZAzWiNT Zthl 2it Ayit
and Ry, = (& >icén Q;-’ZAQCWZ-NTQLZAI)AQ)‘—]@ > icGo éikHlK:L)Ll#kHBi —dy||- By Theorem 3.2, we can readily
show that P(v/ NT 7%” >¢€) =o0(1) for any € > 0, and

—1

T
T~ 1
Nk}T (alk - k Z Qz zAx lNTQl zAx \/N_ Z Qz zAx iNT Z ZitAsit + op (1) .
k

zeGO i€GY t=1

Under Assumptions B1(iv) and B3(i)-(ii), we have NL;\ Ziecg Q;7ZAQJW¢NTQ¢7ZA$ = Nik ZieGg Q;)ZAIWiQi,zAac
+op (1) = Ax + op (1) . Then the result follows from Assumption B3(iii) and Slutsky theorem. W

Proof of Theorem 3.5. By Theorem 3.2, we can readily show that
o~ ~(k k) Ak k) S
NkT (aék B Oéz) = [Q.(ZA);WJ(VT)“ ,(zA)x:| zAx ( ) N; TQZAE + OP

k) (K (k k
= [sz; NTWJ(VZ)“QE;A).LNT] QZA); NTWJ(V% VN T Qi Ae,NT T OP (1),

where ngg = NiT Zieék Zthl zit A&z and QEICA)E’NT = ﬁ Zier Zle zitAg;;. The results then follow
by Assumption B3 and the Slutsky theorem. H

Proof of Theorem 3.6. The proof is analogous to that of Theorem 2.6 and is omitted. B
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This supplement is composed of four parts. Section S1 contains the proofs of some technical lemmas for
the proofs of the main results in Section 2. Section S2 gives bias correction formulae in linear panel data
models for both PPL and PGMM estimation. Sections S3 and S4 contain some additional simulation and
applications results, respectively.

S1 Some Technical Lemmas for the Proofs of the Main Results in
Section 2 of the Paper

In this appendix, we state and prove some technical lemmas that are used in the proofs of the main results
in Section 2. We first state an exponential inequality for strong mixing processes.

Lemma S1.1 Let {(;,t =1,2,...} be a zero-mean strong mizing process, not necessarily stationary, with
the mizing coefficients satisfying o (1) < cap” for some co >0 and p € (0,1). If supy << (4| < Mr, then
there exists a constant Cy depending on co and p such that for any T > 2 and € > 0,

) Coe?
P >e| <exp|— 0 ,
(t_zlgt ) - p( v§T+M%+6MT(lnT)2>
where v = SUP;>1 [Var({t) + QZ:itH |Cov (¢, CS)H .

Proof. Merlevede, Peilgrad, and Rio (2009, Theorem 2) prove (i) under the condition a (7) < exp (—2c¢7)
for some ¢ > 0. If ¢, = 1, we can take p = exp (—2¢) and apply the theorem to obtain the claim. m
The above lemma is used in the proof of the following lemma.

Lemma S1.2 (i) Let & (wyt; ¢) be a R% -valued function indexed by the parameter ¢ € ®, where ® is a convex
compact set in RPTY and B [€ (wir; ¢)] = 0 for alli,t, and ¢ € . Assume that there exists a function M (w;;)

such that Hg(wzt,qﬁ) fﬁ(wit;(ﬁ)H < M (wg) Hgf)féﬁH for all ¢,¢ € ® and supy ||€ (wir; d)|| < M (wyy).
Assume that B |M (wi)|? < oo for some q > 6 such that N = O(T9?~1). Let {¢;} be a nonstochastic
sequence in ®. Then

(i) maxicien || Jp S0 € (wies )| = O (7)),

(#) maxi<;<n P (H% Z;F:l & (wi; ;)| > c/\) =0 (N1 for any given c > 0,

(ii) P (maxlgigN H% Zlef(wit;@) ‘ > C/\> =0 (N71) for any given ¢ > 0 if N? = O(T9/?~ 1),
where A\ = Ayt satisfies (In T)3 =0 (T1/2/\) )
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Proof. (i) Let nyy = T%/2. Let t¢ be an arbitrary d¢ x 1 nonrandom vector with ||| = 1. Let
i = 1{||€ (wir; 9;)|| <y} and 1;; = 1 — 1. Define

& (wis ) = e L€ (wirs @) Lie — BIE (wir; ¢;) Latl}
& (Wi ;) = Lgf(wm@) it, and 35 = L/gE [€ (wir; d;) L] -

Apparently & (wit; ¢;)+&; (wit; @;) +E€si = ngf (wit; ¢;) as B [§ (wie; ¢;)] = 0. We prove the lemma by showing

that (i1) maxi<icy | Jr S0 & (wies 6,)| = Op((nT)°), (2) P [maxicicn || b X7y € (wini 60)|| = ¢ (n 7))
= 0(1) for any given ¢ > 0, and (i3) maxj<;<n Hﬁ Zle €3]l = O((InT)?).
First, we prove (i3). By the Holder and Markov inequalities
T
- ) < 1/2 RV RAEP
max ﬁ;&m < TV max max [BIE (i 6;) Tidl
< i E a/2 2/q P . 712 (a—2)/q
< 72 max max B¢ wiio)|2 ) {P (€ w0l > 7'77) }
I » N NG
< T2, max max {P ([l wiio))]| > 1) }
2 2 @2/
< T'/?cjy max max {T W2E (1€ (wir; 9) )}

1<i<N 1<t<T
= 190 T® D72 = o(InT)?) for any q > 3,

‘q/2 2

e -2
where ¢1, = max<;<y Maxi<¢<7T {E 1€ (wi; ¢;)] and cgq = maxi<;<ny maxi <<t {E ([|€ (wir; ¢i)||q)}(q e

Next, we prove (i2). Noting that Hﬁ S &g (wi; ;) ) > (InT)* implies that max;<¢<p [|€ (wis; &;)| >

Ny, by the Boole and Markov inequalities, the dominated convergence theorem, and the stated conditions,
we have

T
! 3
e R > < |
Pl |75 ot o) 2 ey | < P max e e > ]
< NT P (M (w;
- 1IN 194eT (M (wir) > nyT)
NT
= )9 { ] 1/2}}
- TQ/2 1<ZEE§V11£1ta<XTE I:‘M(wlt” 1 M(wzt)>T

= o (NTI*"/Q) =o0(l).

Now, we prove (il). We observe that for any C' > 0,

N
Zsl (wit; &) Z Z& wit; ;)

We choose ¢ > 0 and divide ® into subsets ®;, j = 1,...,n. such that ||¢, g_b|| < s/\/T for all ¢,¢ € D,
where n. = O (T(p+1)/2) . Then

P >C( lnT

max

> C (InT)*
1<i<N

N T N
1 3 3
Pl||l— & (wis ;)| > C(InT < P |sup & (wigs )| > C(InT
; \/T; 1 (it ¢;)|| > C (InT) ; sup Z 1 (wit (InT)
N n.

> C(InT)*

(]
Ny
v

= ¢, (waid)
t=1




Let ¢; € ®;. Then for any ¢ € ®; we have

N

& (wit§ %) +

% > & (wit§¢)H <

~
Il
-

L Z [51 (wit§¢j) — &1 (Wit ¢)} H

2
&1 (wit§¢j) + ﬁ ZM(wzt) ||¢ - ¢J||
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Il
-
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e

T T T
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< > & (wis ) || + TZ{M(U&J B [M (wit)]} +TZE[M(UM)]
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It follows that
1 « 1 «
Plsw |[—= & (w;)|| >CcmT)?| < Plll—= ¢ (wir;6.)]| >C T /3
sup |2 D (i )| 2 O () 77 26 (wss)| 2 0T’/
% —
+P 7ZM(wn)—E[M(wit)] > C(InT)* /3
t=1
as P [% ZleE [M (wi)] > C (InT)* /3} = 0. Then
1 X N n. 1 X
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N n¢ % T
3
+> 3P TZM(wit)—E[M(wit)] >C(InT)" /3| .
i=1 j=1 t=1
For the first term, we have by Lemma S1.1
N n T 6
- 1 5 C2CyT (InT)° /9
P||l— & (wir;0,)|| = C(nT)” /3 < CNn.exp| —
1:21; ﬁ; 1( t J) ( )/ ( @2T+477?VT+%UNTTUQ(IHT)Hz

2CoT (InT)°
— Cexp |- C*CoT (InT)” /9
02T +4T 4 22T (InT)
— 0 for sufficiently large C.

= +lnN+lnn5>

Similarly, we can show that Y, S P H
(i1) follows. This completes the proof of (i).

£ Y00 M (wi) = BIM (wg)]|| = € nT)* /3] = 0(1). Then

(ii) Let &, &5, and &3, be as defined in (i). Noting that s;, is nonrandom, it suffices to show that for any
given ¢ > 0, we have (iil) N maxi<;<n P(H% Zle & (wi; 9;) || = eA) = 0(1), (ii2) N maxi<;<n P(H% Z;F:l
& (Wit 67) || 2 eA) = 0(1) , and (ii3) maxi <icn |+ 27, ai
in (i), we have

= 0(A). Following the analysis of # Z;F:l Eait

max < c;lqczgqj’(%‘l)/2 =o(\)

1<i<N

1 T
7> it
t=1




where we use the fact that A > T-1/2(InT)? and ¢ > 3 by the stated conditions. Thus, (ii3) follows.
Following the analysis of \/LT 23:1 &5 (wie; @;) in (i2), we have

A

1<t<T

T
1
N P (Hf;wm M) < ¥ o, P (g € (wus ) v

< .
< NT max max P (M (wit) > nn7)

= o (NTlfq/Q) =o(1).

n (il)
with (In7)® replaced by T%/2X. We now require 7V/2)\/ (InT)*> — oo as (N,T) — oc. This completes the
proof of (ii).

(iii) Let &;, &, and &5;; be as defined in (i). Noting that £5;, is nonrandom, it suffices to show
that for any given ¢ > 0, we have (iiil) N - P(maxi<i<n ||+ Zil & (Wi ¢;) || = eA) = o(1), (iii2)

N - Plmaxicicn |1+ S0y & (wid) | 2 eA) = o(1), and (iii3) maxi<ic || S0 &oul| = 0. Fol
lowing the analysis of # Zthl €4 In (i), we have

T
me
=1

where we use the fact that A > T-'/2(InT)? and ¢ > 6 by the stated conditions. Thus, (iii3) follows.
Following the analysis of \/LT 23;1 &5 (wir; @;) in (12), we have

T
1
N-P <1I§I§3§XN T ;fz (wit; ;)| = c/\>

That is, (ii2) follows. For (iil), the analysis is similar to that of max;<;<n H% 23:1 &y (wie; @)

1<z<N B Clqc?qT@_Q)/z =o(N),

IN

N-P <1g1;g§v max 1€ (wie; 6] > 77NT>
< N?T max max P (M (wi) > nn7)

1<i<N 1<t<T

= o0 (NQTlfq/Q) =o0(1).

That is, (iii2) follows. For (iiil), the analysis is similar to that of maxi<;<n Hﬁ 23:1 &y (wig; ¢;) ]| in (i)
with (In7)® replaced by T%/2X. We now require TV/2)\/ (InT)* — oo as (N,T) — oc. This completes the
proof of (ii). m

Recall that U, (8, ) = T Zt L (wig; B, ) and W (B, ) = = Zt 1 E [ (wir; B, )] - Recall that f1; (8;) =
argmin,, 7 thl ¥ (wit; B, 14;) - The following three lemmas study the properties of ¥, (8, 1) and f; (5;) .

Lemma S1.3 For any n > 0, we have P |maxi<;<n Sup(g,,, ‘\ilz (B, p) — U, (B,M)‘ > 77] =0 (N*l) .
Proof. The proof is analogous to that of Lemma S1.2(iii). m

Lemma S1.4 For any 1 > 0, we have P [maxi<;<n |i; (8;) — p; (B)| = n] =0 (N71).
Proof. Let & = min; [inf,, ... .. (8,)1>n Vi (Bis 1) — Wi (B4 13 (B;))] - Then e > 0 by Assumptions Al(ii)

and (v). Then conditional on the event A = {maxlSiSN SUP(3,) ‘\il, B, 1) — ¥, (B, )) <i } we have
inf \ill i Mg > inf v, M) T g
I =i (B)[>n (/6 H ) s =i (B)[>n (/6 a ) 3
2
= Wi (B (@))‘1‘55
- 1
=z Wi (B (Bi))‘i'gf-



On the other hand, \ilz (Bys i4; (B;)) < \ilz (Bis 1 (B;)) - It follows that P (maxi<i<n |it; (8;) — 1 (8;)] <m) <
P(A)=0(N"') by Lemma S1.3. m

Lemma S1.5 (i) ji; (8;) — p; (8;) = Op (T~Y/2) for each i,
(ii) max<icn |71 (8;) = 1 (B) = Op (T~V2 (nT)*),
(iii) maxs<i<n [ (B, s (B.)) = Wi (85,1, (B))| = O (T2 (nT)*),
() P (maxlggzv i (B;) — py (B;)] > CT—1/? (lnT)3+V) =0 (N7') for any v >0 and C >0,

(v) P (maX1§i§N W5 (Bis s (B:)) — Wi (B, 1y (8))| > CT 1?2 (IHT)3+V) =0 (N_l) for any v >0 and
C>0.

Proof. (i)-(ii) Noting that fi; (8;) = argmin,,, = Zf:l ¥ (wit; B, 1t;) , we have

T
0 = Z (wit; By, 1 (B;))

Nl =

T

V; (wit; By 11; (B;) Z (Wit Bis b5 (B)) 1 (B) — 113 (B)]

Il
S| =
MH 1

t

Il
—

where [, (5;) lies between [, (8;) and p, (5;) for each . It follows that

T -1 T

Z s B (B))| o 0 Vi s B (5) (s1)

fr; (B:) —

provided % Zthl Vim (wits B;s f1; (B;)) is asymptotically nonvanishing. Let Vi¢ (8;) = Vi (wit; B 1y (8)) -
Noting that E [V (8;)] = 0 and

LT A
ar(fZ{@(@)) = ﬁZZCOV(VZ‘L‘(@),Vz‘s(5z‘))

t=1 s=1

T T
2/q 1 _
8max (B [Vie (5:)|"}/ 75 3 D e (It —sl)' ™/

t=1 s=1

2/q 1 1 2/q _ 1
< Smax{B Vi (5"} Z (T)

IN

by the Davydov inequality (e.g., Corollary A.2 in Hall and Heyde (1980)), we have 23;1 Vit (B;) =
Op (T~'/2) by the Chebyshev inequality. In addition, by a simple application of Lemma S1.2(i), we can

show that max;<i<y )% ST Vi (8,)] = 0p(T=1/2 (inT)?).
For + Zle VI (wie; By, 11; (B;)) we make the following decomposition:

1 T

T
7 O Vi (wies B s (8)) = Z B (V! (wits B, 1 ()]
t=1 =1

’ﬂ |

~

o SOV s B (82)) — B [V (a1 (5,0}
t=1

~

+% Z {‘/'LM (wit; By, f1; (B;)) — Viui (wit; By b (/61))} . (52)
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By Assumption AL(v), + 3/, B [V (wit; B, 15 (8,))] = Hipu (8;) > cu > 0 uniformly in i. By a simple
application of Lemma S1.2(i), we have

max
1<i<N

%Z {‘/iui (wit; By, i (B;) — B D/im (wies By, g (51))}}‘ =op(1).

Next, by Assumption Al, and Lemmas S1.2(i) and S1.4, we have

A y ,
121%%\[ T - [VZ‘M (wis Bis it (ﬁz)) - ‘/;#l (wit;ﬁz‘aﬂi (61))]‘
T
S 11%11355\[ Z wzt |:U‘z z) — M (/Bz)|
) 1
< {121%55\, tZ: (wir)] + r<nza%>§v T ;{M (wit) — (wit }‘} 121%\[ i1; (B;) — 1 (8;)]
< [e?+ora )] p(1)=op(1). (S3)

It follows that & S/, V' (wis; By fi; (8;)) = Hip(B;) +op (1) uniformly in 4, ji; (8;) — p; (8;) = Op(T~1/?)
for each i, and max;<;<n |/% (8,) — 1 (By) | = Op(T~Y2 (InT)?).
(iii) In view of the definition that ¥, (8;, ;) = E[¢ (wzt; Bis t4)], we have maxi<;<n |¥; (8;, &4 (8;)) —

Wi(B;, p; (B:))] = maxys BIM (wir)| | (8;) = i (B)] = Op(T~1/2 (InT)%).
(iv) We define the following events:

Al = {12113%55\, |ﬂz (B ) /-‘61 (/61)| S CH/(GC}\éq)} )
Ay = {gggv —Z{M wit) — B [M (wir)]} Sc}éq/?}v
== t=1
T
b= {m%v S [V s B i (8) = Vi (s B ()| < et/ 4}’
== =1
1 i
A4 = {1£I%i<nN T ZVM; (wztvﬁzaﬂz (ﬁz)) Z CH/Z} ’
S t=1
T
As = {1£I%i<nN ZVN, (wie; By, By (B5)) >CH/4}'

Let A§ denote the complement of A; for j = 1,2,3,4,5. Let §; = fi; (8;) — w; (8;) . By Lemmas S1.4 and
S1.2(iii), P (AS) =0 (N~') and P (A3) = o (N~'). Then by (S3)

P (A3)
1 & 1 o
< P ({12’%\/? ZE[M (wir)] + ax I Z{M(wit) -E[M (wzt)]}'} nax 0] > CH/4>
1 t; 1 t;
< P ({1311&3% 7 > BM (wi)] + max |- > AM (wi) —E[M (wz‘t)]}'} [max (0] = e /4, A2>
iP5 _
< P 301\//[‘1 1I<nia<)§\/"6i| > CH/2> + P (A3)
< PA)+P(A5)=0(N7").



Let Vi (8;) = V{* (wi; i, s (8,)) - Noting that £ 37, Vii* (8) = + Zemy B[V (8)] +4 Zem Vi (8)
—E [V (B5)]}, mini<i<n % Z:;F,l E [V#* (B;)] = ca by Assumption Al(v) and

<1<1<N Z{Vﬁ i - B [‘/1? (/61)]

we have P (A4) =P (miﬂlgigN )% thl VI (wit; By g (61))) > cH/Z) =1—o0(N71). It follows that
P(As) > P(A3sNAy) >1—P(A5)—P(A) =1-0o(N7").
Consequently, we have that by Lemma S1.2(iii),

va(mw-m<»—mwm>T*”@”f”)

R (CoN™

T ZV wltvﬂzwu’z (B'L))

= o(1)+o(1) —0(1).

(v) Noting that [¥; (8,, f1; (8,)) — Wi (B;, 1 (8:))| < BM (wir)] |f1; (8:) — i (B)| < e it (8;) — i (87
by Assumption A1(iv), the result follows directly from (iv). m

Recall that S; = £ 3> U; (ws; 85, 1, (BY)) - Let S; = & S50 Us (wie; 87, 19) . The next lemma studies
the asymptotic properties of S;, S;, and their difference.
Lemma S1.6 (i) S; =Op (T*1/2) and S; — S; = Op (T’1/2) for each i,

(ii) maxi i< [|Sil| = Op(T~1/2 (n T)?) = Op(T~2(InT)?),

(i) £ % [|8] = 0r (7,

() maxi<i<n P (||Si|| = n\1) =0 (NY) for any given constant n > 0,

(v) P( (1nT)3+V) =o(N7') for any v >0 and C > 0.

Proof. (i) Let ¢, be an arbitrary px 1 nonrandom vector with ||¢,|| = 1. Recall that Uy = U; (wys; B, 1) .
Note that E(U;;) = 0 and

> cH/2> =0(N™") by Lemma S1.2(iii),

T

Z wmﬁwlh Bz))

> 7T Y2(InT)*™, A5> + N - P(AS)

> ey T2 (InT)* /4) + N - P(AS)

< N-P(max
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T T T T
Var(L;Si) = TLZZ ov LUzt, Lp)§8H}%X{E|L;Uit| /q%ZZaﬂt*lequ

t=1 s=1
_ 1
s (840"} 330 =0 1)

by the Davydov inequality (e.g., Corollary A.2 in Hall and Heyde (1980)). Then S; = =+ Zt VUi (wig; B, p) =
Op (T~%/?) by the Chebyshev inequality. By second order Taylor expansion
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o~
Il

1

UFH (wigs B2, 1 (80)) [ (8°) — s (B)]

+
N|H
MH

~
Il

1



where Ji; (87) lies between f1; (87) and y; (87) . By Assumptions A1, Lemma S1.5, and the Markov inequality,
one can readily show that the first term is Op (T’l/ ?) and the second is Op (1) . It follows that S;—S; =
Op (T_1/2) .

(i) By a simple application of Lemma S1.2(i), max;<i<n [|Si[| = Op(T~/2 (InT)?). Next,

2 < &%wZM wie) [ (89) = ps (B9)]
1 & r
= {é%f;E[M(ww s | D0 () [M(wzt>n|}

fu; (BY) — i (89)]
= {0(1)+op()}Op(T*(InT)*) = Op(T~/* (InT)?).

(iii) By the Cauchy-Schwarz inequality, = Zf\;l ‘ S

. 2

< 2NN ISP+ F 50 ||S - i The fist

term in Op (T*I) by the Markov inequality and the calculation in (i). Using the decomposition of S, —S;
2

SZ = Op (Tﬁl) .

(iv) The result follows by a simple application of Lemma S1.2(ii) and Assumption A2.

(v) The proof is similar to that of (ii) but we now apply Lemmas S1.2(iii) and S1.5(iv). =

in (i), we can readily show that the second term is Op (T’l) . Then % Ziil

The next lemma establishes the uniform consistency of Bl
9 ) >n)=o0(N"').
Proof. Recall that QgIJSIOT),Al (B,0) = Q1N (B) + A—]\} il\il Hiiol I18; — akl| where Q1 n1 (B) = ﬁ Zf\il

ZZ-' 1 1/’ (wzta ﬂia :[l‘z (B’L)) - % Zfil \ilz (ﬂl, ,[LZ (ﬁl)) . Notlng that (B’ d) = arg min(ﬁ7a) Qg?\/%z»\l (/8; a) . we
have QlNT Al(ﬂa &) < Qﬁ%l (ﬂ07 &) and

Wi (B s(3)) + Ml

Lemma S1.7 For any n > 0, we have P (

=1 61’7

| < W3 (B0 (8Y)) + NI, (189 = | for i = 1., .

Let € = min; [infﬁitﬂﬁfﬁ?\bn U, (B;, 1 (B;)) — (BZ s b (,61))} > 0. Define three events A; = {maxj<;<n
SuP(g, u) Wi (B, )=V (B, ) | < %5} and A = {maxi<i<n Supg, [Wi (B ity (B:) — Wi (B, 1y (8:))] < 5} and
Az = {\maxg .5,es I12, ||8; — dul| < e}. By Lemmas S1.3, S1.5(v) and Assumption A2(i), P (A; N Ay N As)
>1—P(AS) — P(A3) — P(A§) =1—0(N~!'). Then conditional on A; N Ay N Az, we have uniformly in

inf Ui (B i1 (By) + ML (18, — duel|
By:||8: =8| >n

1
> (ﬁzvuz (ﬁz)) —e+02> 1 (62711%(61))__5__5
6 B,:|8: 82 6
1 1
> U (87 (B7) +e -G — 56
(80 0 (30— tep L 1
> \I/z(ﬂzwu‘z(ﬁz)) 65+E 65 65
s a0 a0y L1 211
2 \II’L (ﬂiwu‘i (5%)) 66 6€+€ 65 66
- 1
= Ui (87,0 (B7)) + 3¢
- 1
> Wi (B (87)) + NI (|87 — én| + 5e.



On the other hand, ¥, (Bi,ﬂi(ﬁl» + AT,
thatP( ?)>n):0(N*1).l

To state and prove the next lemma, we follow Hahn and Newey (2004) and introduce some notation.
Let F; and F; denote the cumulative and empirical distribution functions of w;;, respectively. Let F; (€) =

F’i + Eﬁ(E - Fz) for € € [OaT71/2} . For fixed 52 and € let i (525 FZ (6)) = argminﬂi fw (7[_31’”2) sz (6) ’
which is the solution to the estimating equation

= | < W (80, 1, (87)) + NI, [|B9 — | T¢ follows

0= / Vi (5 B30 (Bis Fi (€))) dF (c) (S4)

Define uf" (e) = Oy, (B;, F; (€)) /0B,. Apparently, F; (0) = F;, F; (T‘l/2) = ﬁ’i,

wi (B:) = p; (Bis Fi(0)),
() = Nz( i ( 1/2>

Ou: (B 0

lgéﬂz) i (%’BF 0) = 4 (0), and
8[1'2(/61) 8”@( 77 (,' /2 ) — -

9B, 9B, 'u’ (T 1/2>'

We study the properties of u, (8;, F; (¢)) and ufi (€) in the next two lemmas.

Lemma S1.8 (i) P (maxi<i<ny maxXgc <7172 |t; (B Fi (€)) — p; (8;)] > n) = op (N71) for any n > 0,
(ii) maXlgigN,maxHBi—ﬁ?H:0(1) iﬂi (Bi) — 1 (50)| =o0(1)

(1i1) P (maxlgigN,maxHBi—B?H:o(l) |i; (B;) = g (ﬁ?ﬂ > 17) =0 (N7t for any n > 0.
Proof. (i) Let & = min [inf,, .\, .. (3,)1>n Vi (Bis 1) — Wi (B4, 113 (8;))] > 0. Noting that
[ 6638 dFi (0 = (1= VT) Wi (B + VT (811,

we have

IN

eﬁ "i’l (ﬁwlh) - \Ilz (627 N’z)

' [ 6638 dF (0 = ¥ (B

< ‘\i/z (Bis i) — Wi (B 1)) -

26/3}.

o feGsmdR© =it W) - 5

il —pi (B)1>n witlpg— i (B3)1>n

By Lemma S1.3, we have P [A] = o (N~!) where

0<e<T—1/2 1<i<N

AZ{ max max

/ W (3 8o tg) dF; (€) — Wy (B 1)

Therefore for every € € [0, T 2} and conditional on the event A, we have

Wi (Bis 1 (B;) + %5

[ B 5 dF (0 + ge.

%

Y



On the other hand, we have [ (:;3;, p; (85, F; (€))) dF; (¢) < [ (5 B;, 1y (B;)) dE; (€) by the definition of
i (B, Fs () . Tt follows that P (max <iy masoeeer—s/s [ (B Fs (6) — 13 ()] > 1) = 0 (N~1)

(ii) Let n > 0 be given. Let & = min; {inf i (89)[>n W (Bis 1) — i ( O (B?))] >0and M =

s BIM (u)] - Note that s | 1 (Bt (3) = v (550, (80))] dFs| < M ms [, — 82 = (1)
implying that |f (¥ (5 B4 1 (,B?)) - (~;B?,,ul (,6 )] dFi| < /3 when max; Hﬁl - B?H <¢/(3M). Then for
all B; with max||8; — B?H <¢e/(3M), we have

it [sn)dn = (@ (0) + 2
ti| i —ns (B9)]|>n

W, (B ps (87)) +
- / i (5 B w?))dm? .

w

On the other hand, we have [ (:;3;, u; (5;

11; (87)) dF; by the definition of p, (8;). It
follows that MAX, << N a8, — 0| =o(1) |14 )

™

INA
Toe—
— <
|

(iii) By the triangle inequality,

x| (80) = o (B7)] < e Vv (8:) — p (Bi)| + max [ (87) — s (87)| + maax [m: (B:) = s (B7)]

By Lemma S1.5(iv), P (maxi<i<n |f; (8;) — s (B;)] = n/3) = 0 (N7') . The last term in the above displayed
equation is o (1) uniformly in the set max; ||3; — B?H = o(1) by (ii). It follows that P(max1<i<N7maX”B’_7ﬁo”:O(l)

; (B3) — It (6?)| 27]):0(]\[*1) forany n > 0. m

Lemma S1.9 (i) P (maxlgiSN maxg<.<p-1/2 "a“"(%%{?"(ﬁ)) - auéé?i) > 77) =o(N™1) for any n >0,
. ouy(B;) _ Om(BY) | _
(i) MAaX) <i<Nmax||8,~2||=0(1) Maﬁi ~ a5, ||T° (1),
i, (B, op; (8? _
(ii) P <maX1<i<N,maX|Biﬁg =o(1) % n %i) ) =0 (N 1) Jor any 1 > 0.

Proof. (i) Differentiating both sides of (S4) with respect to §; yields

0= [V C3Biome (Bos PN A () + [ VI (3B, (5 () s (0 2B D)

It follows that 5
M@i () = Op; (Bi, Fi (€)) _ _f Vi (3 Bis i (B3, Fi (€))) dF; (E) (S5)
' 9B; f Vim (3 Bis s (By, Fi (€))) dF; (e)
Noting that [V (;8;, 1 (8;)) dF; = H,py (B;) > cg > 0 uniformly in ¢ by Assumption Al(v), it suffices
to show that

P max max
1<i<N 0<e<T~—1/2

> 77/2> =o(N7Y),
(S6)

[V CBums B F @)@ — [ VP (3B (B))dF,
and

P max max
1<i<N 0<e<T—1/2

> 7]/2) =o0 (Nfl) .
(S7)

/ VI (5 By s (B Fi (6))) dF, () — / VI (5 By s (B)) dF:

10



By the triangle inequality,

IN

J 1V C3bims (3 Fi(00) = Vi (5B ()] s (0

- H/V;Bi (8515 (B;)) d[Fi (€) — F}]

— | [ [ B B ) = VP (30 m (5)] dFs (0

+eVT ‘/VZ’@ (B3 i (B)) d [FZ _F’}

Using Lemma S1.2(iii), we have

P (g, _max, VT | [V (3B ) [F - 7

1<i<N 0<e<T—1/2

> 77/4> =0 (N_l) .
In addition, by Lemma S1.8(i),

P max max
1<i<N 0<e<T-1/2

[ V2 5B B B ) = VP 3B (8] 4P

> n/4)

< (s, [ MOAR @ max, x| (51 B 0) (0] > /4) =0 (V).

Then (S6) follows. Analogously we can prove (S7).
(ii) Recall that

9B, a f ‘/1M1 (3
To prove (ii), it suffices to show that

/Vfi (5 Bis by <6i>>sz~—/Vfi SENACHLE

Op; (B) SV (5B (BY) dF;
5B

is My (ﬂi))dFi-

<. o).
i< N s 58]l o)

and
=o0(1).

/Viui (3 B, 115 (B3)) dF; — /Vzul (87, i (87)) AF,

max
1<i<N,max||8,—B?||=0(1)

We only show the first result as the proof of the second one is similar. By Assumption Al(iv) and Lemma
S1.8(ii),

max /V{Bi (5 By 11 (B;)) dF; — /V{Bi ( 0 b (ﬂ?)) dF;
1<i<N,max||8,—B?||=0(1)

| - B0 L (B) — i (B0} = 0 (1).
< H%%XE[M(wzt)]1§i§N7max”%i7ﬁ?”:o(l){HBZ Bill + i (B:) = s (B) |} = 0 (1)

(iii) By the triangle inequality,
O (B) _ Ofi; (B?) Of; (B) B I (B;)

op; (B7)  ow; (8Y)
‘ B 12%\7“ 9B, 9B, -

1233}5\7 9B; B, 1<i<N ap; 0B,
o, (51‘) O, (6?)
B TS

Noting that P (maxlgigN Ha%—éﬁ) - 8“3—[(36)” > 77/3) =0 (N~!) by (i) and the last term in the above dis-

played equation is o (1) uniformly in the set max; ||3; — 3Y || = op (1) by (ii), we have P (max1<i<N max]| 8, B9 | =o(1)

. o (30
a—’g%ﬁ—%ﬁf’)’zn> =o (N !)forany n>0. m

11



Recall from (A.2) that

T .
zﬁ,B Z { (wit; Bis i (B1)) + U (wirs By, iy (B;)) 8%;?1) .

Let Higp (B;) = 7 S U7 (wins By i (B)) UL (wirs By s (By) Wé—é?’)] Note that Higs (8;) = B[Hisp (8,)];
where H;gp () is defined in Section 2.3. The next lemma study the asymptotics of Hizp (3;) .

Lemma S1.10 (i) P (maX1gi§N Hﬁiﬁﬁ (BJ — Hipp (B?)H 2 77) =o(N71).
(i) cg = MiN1<i<N fmin (ﬁwﬁ(@)) >cy —op(1).

Proof. (i) By the triangle inequality,

max Hﬂmﬁ (BZ> — Hipp (6?)

1<i<N
< max Hﬁiﬂﬁ (Bz> ~ Hipg (87) ‘ + max Hﬁwﬁ (B7) = Higs (87) || + max | Hiss (87) = Hiss (7]

We prove (i) by showing that (i1) P(maxi<i<n Hf[i[gB(Bi)—ﬁi[gﬁ (B?) [|>n/3)=0 (Nfl) , (12) P(maxi<;<n
|1 Higp (B7) — Higs (57) || = n/3) = o(N7'), and (i3) P(maxici<n ||Higp (87) — Hips (87) || = n/3) =
o (N~1). For (i1), we make the following decomposition:

Higs (/5’ ) — Higp (8]) = %i [Ufi (wiﬁBivﬂi (52)) — UP* (wigs 89, f1; (5?))}

t=1
T 5 y [ ; i (BY
+% ; Uiui (witQBiaﬂi (BJ) 6ﬁ; - Ui”i (wz‘t;ﬂ?,ﬂi (B?)) ﬂéé;ﬂl)

= Hyy + Hiy, say.

For Hlli; we have

i (Bi) = i (89)

b

T
Hil < —ZM : {
iy, il < max, 75 0 M (wi) (2

Using the arguments as used in the proof of Lemma S1.5(iv), we can show that

T
<1g¥?§v Z (wi) < 20}#) =1—-o0 (Nfl) .

Then by Lemmas S1.7 and S1.8(iii), we can readily show that P (maxi<;<n |[H11;| >71/6) =0 (N~'). For
Hy5;, we make the following decomposition:

fi[Ufi(wu;Bwﬂi(BJ)lﬁ”(wu;ﬁﬁin(ﬂﬁ)]aﬂ;g?J

t=1

LT A om (B:)  op, (8°

+ ZUZ“ (wie; B, 1 (B7)) [ ag’, ) B Ma,g'- )]
t=1 ' Z

Hyz;1 + Hyoi2, say.

N~

Hyy =

12



Following the analysis of Hy1; and applying Lemmas S1.8(i) and (iii) and Lemmas S1.9(i) and (iii), we can
readily show that P (maxi<i<n ||[Hi2is|| > 1/12) =0 (N*I) for s = 1,2. Then P (maxi<;<n ||Hi2| > n/6) =

o (N~'). Consequently, we have P (maxlgiSN || Higs (Bl) — Higg (,6?) || > 77/3) =o(N71).

To prove (i2), we make the following decomposition:

Higg (87) — Hips (87) = TZ [Uﬂ (wies 81, s () = U7 (s B 1 (’B?))}

Ofu; (B i (87
szmwﬁ%@»%gﬁwaﬁ%mngfﬂ

=  Hoyy + Hayy.

Following the analysis of max;<;<n Hﬁz,ﬁﬁ(Bz) — H’im (6?) || and using Lemmas S1.2, S1.7, S1.8, and S1.9
and Assumption A1, we can show P (maxi<i<n ||Hasil| > 1/6) = 0 (N7!) for s = 1,2. Then (i2) holds.
Next,

T
Hmwwmmm>:%zwmww%w»mpmwﬁwwm}

~

e Z (U (wies BY, 15 (BY)) — B [U (wie; BY, 1 (BY))]} auéé;ﬂ?)

= H511+H322; say.

Using Lemma S1.2, we can show P (maxi<;<n |[Hzs|| > 1/6) = 0o (N~1) for s =1,2. Then (i3) holds. This
completes the proof of (i).
(ii) By the Weyl inequality and the fact that |u,,.. (A)] < ||A|l for any symmetric matrix A, we have

boin g (32)) > g (Hio (82)) — 1 Hysp (B5) — Hyg (87) | Then by (5) and Assumption AL(v), ¢y =
M <5< fgin (Higs(5;)) 2 mini<icn tonin(Higg (87)) —maxi<ien || Higs (B;) — Higs (87) || = e —op (1).
|
Lemma S1.11 Recall that Hips = H,p (B ) where B; lies between B and B elementwise. Then

(i) P (maxlgigN_HHiﬁB — Higg ( ) | >n) =o0(N"1) for anyn>0,

(i1) maxi<i<n || Higs|| = Op (1).

Proof. (i) The proof is identical to that of Lemma S1.10(i) with j; replaced by ;. B

(ll) By () and the triangle inequality, maxlSiSN HHZ{B[BH S maxlSiSN HHiﬁﬁ (5?) H +Inax19-§N ||Hi/3/57

Higs (7)1 =0 (1) +0p (1) =Op(1). =
Recall that U;; = U; (wit;,@?,u?) , Ul = Ut (wit;ﬁg,ug) , Ulpte = gl (wit;,@?,u?), and similarly
for Vi and V%, Recall that myp = 4 S0 B (UL), miv = LS B (VL) , mive = + 51 B (UL,

mive = = Zthl E V"), and Uy = Uy — 2LV, The next two lemmas are essential to establish the
asymptotic distribution of the C-Lasso and post-Lasso estimators.

Lemma S1.12 Let SG = \/7 ZzeGk Zt 1 (wzt,ak,,ul(ak)) Then S +BkNT A N (0,9Q%).

Proof. Let SGo = \/TZZEGO Zt VUi (wig; o, 1;(@))) . Using the fact that 1{i € Gr} = 1{i €
GO} +1{i € Gx\GY} — 1{i € G\G}}, we have

Sék_SGi = \/W GC;GO;U wztyakaﬂz<ak))
i€Gy

T

T
Z wzta akv :u‘z(ak))
eGpGn i1

= Sk71 — Skg, say.

13



Let € > 0 be an arbitrary constant. By Theorem 2.2, P (HS’k 1” > e) < P(FkNT) — 0, and P (HS’k 2H > 6) <

P(EkNT) — 0. Thus SGk = SGQ +op (1) and it suffices to prove the lemma by showing that (i) SGo +BinT =
T

T3 Sieay Soier Uit +op (1), and (i) gz Yicqo 2oy Ui 2N (0,%).

Part (i): We prove S'Gg + BinT = ﬁ Ziecg Zle Uit + op (1) . By second order Taylor expansion,

Sag = Z Z Z ZU;; ZC Z]

GGOt 1 zeGO t=1

/T S S0P sl (1o - 4]

ieG) t=1
= Spi1+ Ska2+ Sk3, say, (S9)
where pf lies between ji;,(a)) and p?. We will show that Sk contributes to the asymptotic variance of
SG%, Sk,3 contributes to the asymptotic bias, and Sj o contributes to both. We analyze Sj 3 first. Let

5’273 = ﬁ Ziecg Zil ULt [y (e) — ,u?]2. By Assumption Al, the Markov inequality, and Lemma
S1.5(ii), we have

[Ska —Sisll = W;{);HU’W (wir; af, 1) — UL* (wig; o, w0) || [25(02) — 1?]”
3
2NkTZeZG:0;M (wie) ¢ VT | (f) — o5

1) /N TOp ( =3/2(InT) ) Op (N;/ 271 (In T)9) — op (1).
By (S1) in the proof of Lemma S1.5,
T

2
1 » £ 3 Vi
Sis = ZZU;;M ( e v '
2V N, T 3 Vi (wis o), 11 ()

ieGY t=1

As in the analysis of Sy 3 — Sg 3, by Lemmas S1.5(ii) and S1.2(i) and the fact that max;<;<n ‘% Zthl Vit
Op(T~/2 (InT)?), we can readily show that Sps = S{% + Op(N, NP1 (InT)") = Sp% +op (1), where

LT Vi 2
S0 = phats | T 2a=1 Vit
b = o £ 2 ()

1€GY t=1

. Wzmmm ( zvn> 4 Op(NYPT (),

where we also use the fact that max;<;<n H% Zle Ui’:i’” — miUQH = Op(T_l/2 (In T)3 by Lemma S1.2(i).
Thus, we have

T 2

1
S i Vi 510
k3 = mzmmm (T; t) +op(1). (510)

i€GY
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Now, we study Sk 2. By Lemma S1.5(ii), (S1) in its proof, and the fact that max;<;<n )% 23:1 Vie| =
Op (Tfl/2 (In T)3) and maxj<;<n ‘% 23:1 Vi —muv| = Op (T*1/2 (In T)?’) , we have

+ 3 Vi F i Vit '

=1 i 1 Vi _ 6

fi(og) — ) = T —— = L==t _+OP(T1(1nT))
z %Zt 1V“l (wie; &, f1; () T2 Vi

= 1V T Z Vit +Op ( 1(In T)b) uniformly in i € GY.
t=1

But the above expansion is not sufficient to study Sj 2 and we need to get better control on the remainder
term. Noting that [, (ﬁ?) = argmin,, % 23;1 P (wit; B?, ui) , we have

Vi (wit; B, i (87))

o
I
N[ =
Mﬂ

~
Il
-

t+Tva:z 1 (8) = i (89)] + QTZV“ (w89, g (89)) [ (8) = s (89))°

I
N[ =
I\Mﬂ

where [i; (ﬁ?) lies between fi; (ﬁ?) and p; (,6?) for each i. It follows that

f; (5?) — Hio (5?)

= - %;V#i _1{%;: Vit 5= ZV“‘“ (wies B3, 1 (7)) [uz(ﬂ?)m(ﬁ?)f}

= - %év;‘ ) {%é‘fn + %Z_:VZZ’"“"' [ (B7) = (6?)]2} +0p (T7#(T)")

SR IR ESSURE RS S TN N STRCRITD

_ :%iv;g{_l %éVtJr;mvleQ(Ti )2 +0p (T T)’), (S11)

< maxi<icn & Yo M (wir)

where we use the fact maxj<j<ny )% Zthl [Vz’”” (wit; By, g (6?)) — VZ’;’“]
x maxi<i<n |f1; (BY) — i (B7)] = Op(T~Y/2 (InT)?) and max; <i< ‘% Yoy Vit — miv2‘ = Op(T~1/2 (InT)%)
by Lemma S1.2(i). It follows that

1 < B

S - =y s [y

GGOt 1 t=1
_ 3 Z - T 2oi=1 Vit Zt U
v N’“ T t Vi

ieG) t=1 T

T 2
1
T Z V;t + sz m;ve <? Z zt) + OP( (h’l T)9>

LT 2
Z Z . mizmive (T >t Wt) tor(l)
/N T T : op
2 Nk i€GY t=1 % Zt:l ‘/zg
= —Sk21— Ska22top(l). (S12)
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For Sk.21, we make the following decomposition:

_ TZt 1( —miy)
Sko1 = szmt \/—ZZV o

ieG) t=1 ieGY t=1 v
1 1
Ly zvﬁmw{ RE }
Nk i€y t=1 % Zt:l Vz/th miv
e 3 3 Y 0t o) { et -
? i v T 4 .
NiT ieGY t=1 T T 2oim1 Vi miv
=  Sk.21a + Sk,216 + Sk21c + Sk,214- (S13)

Apparently, Sy 215 = \/W ZZGGO My > eeq Zt 1 Vis [U;:l _ E(UZ’;)} . For Sj; 21., we can use the fact that

=0p (T 12 (InT) ) and maxi<;<n ‘% Zil Vi —my

maxj<i<n ’T thl it =0Op (T’1/2 (lnT)S) to

show that

T, Vﬂq _ i
Sk:,21c = \/W Z Z ‘/Ztsz T Zt-l ( it m V)

T i
ieGY t=1 MV T 31 Vi
1 T T
B -2 M
= s Z mium™my;y, ZZ‘/ZS (V;t 7miV) +op (1) .
VN T ; ©
It follows that
T
1 _ )
Sk,le + S}fglc = \/ﬁ Z mlvl Z Z VisUﬁl +op (1) ) (814)

where we use the definition of [Uft (= Ui’:i - :"n—lng‘;) and the fact that B [U;ﬂ = 0. For S, 214, we can bound
it directly:

T T
|Sk,21a] < \/Wllgnfgv %Z‘fzt 12855\/ Z Uﬁl sz 1<fiN 1 ZtT: Vi - mliv
= VNTOp (T72 7)) = 0p (1). (S15)
Combining (S13)-(S15) yields
Sk,21 = ZZV = myy 3 ViUl +op (1). (S16)
’ ieGo t=1 Fmay \/ergg v S50 "

In addition, for Sj 22 we have

1 1 & ’
Sk = 2\/Wz< ZU;;) maimive (ﬁZ‘Q)

2
1 » 1
= W Z MU My My 2 <—T ZW:&) +op(1). (S17)

10
i€GY
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Combining (S12)-(S17) yields

Sk’g = \/WZZ it

ieG) t=1

T
A 1 miu
Sop = UNT 2 Zﬁ (U“ m—»v‘/“)

i€GY t=1

1 Iz 1 m 1 & ’

—1 m — V2
e 5 D el g 3 i [ et <—TZV>
k3 P =1 s= ) b =
“+op (1)
= /—ZZUzt Binr +op (1).

N T i€GY t=1

This completes the proof of (i).

s D
Part (ii): We prove Znr = ﬁ Zier Z;F:l Uit = N (0,9Qf). Let Z;7 = ﬁ Zil t,Uis where 1,
is an arbitrary p x 1 nonrandom vector with [[s,|| = 1. Then 1, ZN7 = ZieGg Z;7. Noting that E (U;;) = 0,
we have by Assumption A3(i)

T
Var (ZNT = NL ZZE(U”U;S Z Qi — Qp > 0,

t=1 s=1 Zego

?ro

where Q;7 = £ Zf:l 23:1 E (U;;U.,) . By the Lindeberg-Feller central limit theorem (e.g., Theorem 5.6 in
White (2001)), it suffices to verify the Lindeberg condition:

SNt = Z E [Z71{|Zir| > €}] — 0 for any given € > 0.
i€GY

By the Cauchy-Schwarz and Markov inequalities,

Z E[Z51{|Zir| > €}] < Z {E(Z} 1/2 (P(|1Zir| > e)}'/? < 5_12 Z E(Z}).

i€GY i€GY i€GY)

By straightforward moment conditions and properties of strong mixing processes, we can readily show that

4
E (ZzT N2T2 (Zb zt) = N,;Q) uniformly in 1.

It follows that Syt — 0 for any € > 0 and Zyt = \/%— ZieGo 23:1 Uy 2 N 0,Q).m
REMARK. Note that U; (w;s; 8;, 11;) = Us (wig; By, ;) — 2LV, (wie; B, ;) and Uy correspond to U; (2445 6, ;)

miyv

and Uj; in Hahn and Kuersteiner (2011, HK hereafter), respectively. Let U and U{*"* denote the first and
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second derivatives of U, with respect to i Let Ut = UL (wis; 87, p1f) and ULiH = UL (wyy; BY, 1?).
Following HK, the asymptotic bias term of S , takes the form:

a m
e (v ga)|
’L

=1

1
IB%IcNT m%}l ZV\/_Z‘/;t
el

where m;y2 = % 23:1 E (Uft’”) . Note that

BkNT

1M+
§
&
SF
[\
aH
N
3
<
3
S
—
’ﬂ"‘
N
=
N———

T
VPO

i€GY, s=1

= BlkNT BQkNTv say.

Let BlkNT and Boin7 be as defined in Theorem 2.4. Appaurently7 1kNT = Bixny7- Noting that muys =
+ 3 BUG™ — syt = s — Talmiye With mige = S E (U5, we have

mi;v 1
2
1
) <— ZVit> = BornT-
=1

) Of; (&)
1

~

— m
B = 5 3 i (v -

i€GY

It follows that IB%kNT = BinT.

Lemma S1.13 Let H'(k) = ﬁ D i Zthl[Uf" (wig; G, f1; () + UL (wzt,ak,uZ O oT | and &

lying between &y, and ag elementwise. Then H(k) = HygnT + op (VNT) where vy = min(1, \/T/Nk)

Proof. As in the proof of Lemma S1.12, we can readily show that I:I( k) = HGo + op (1) where
Hey = w7 Sican LiaalU] (wis G, fry(6n)) + UL (wias &7, oy (é)) ‘9“*”‘“} For Hgy We make the fol-

k
lowing decomposition

T
N 0
HG% = § § |:Uzﬁl wltaakvﬂz( )) +Uzu (wltvakmuz( ) #Z( ):|,
’LGGO =1

oo,

T
NkT Z Z [ (wit; G, 1 (G)) — U (wit;ag,ui(ag))]
ieGY t=

Z Z |:UM1 wztaaknuz( ) 81}5(?%) Um (wl“ak’ﬂl( )) M:l

ZGGk t=1 8ak
= Hgo1+Hgoo+ Hego s
Using the arguments in the proof of Lemma S1.10, we can readily show that HGg’S =op (vnr) for s =2,3.In

addition, by the Chebyshev inequality we can show that Hgo 1 = Hgo 1 +0p (vnr) , where Hgo 1 = B[Hgo 4.
Then by (S5) with e =0,

— . 8 i 0
Hgoy = NkT Z ZE[ U (wirs o, i (0)) 4+ UL (wies o, pi(0R) lgézk)}
ieG) t=1
/!
. B UB UM‘ T 23:1 E (V;fl)
- Nk: Z Z it it miv

ieGY t=1

= NiT Z ZE [Uft szsz } NkT Z ZE [Ui] = HinT.

ieG) t=1 ieG) t=1
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It follows that ﬁ(k) =HinT + 0p (VNT) . n
REMARK. When {U;,t > 1} are serially uncorrelated, we have

1
Q= lim — > Qr= lim Z ZE Uy U,) .
(N1 T) o0 N, €9 (Ve T)—00 Nk eG” t=1

When the likelihood function is correctly specified, we can apply the second Bartlett identity (i.e., the
information matrix equality) to obtain

L T
E[U.U}] = -7 ZE[Ug},

S| =
E

“
Il
A

T
E[UsVid] = —= ZE U;? = —muy = _% ZE {V{fl} 7

S| =
MH

t=1 t 1 t=1
T T

1 1 _

TLBVE = —5 LB = -ma
t= t=

when ¢ € G(,i. Then

T
Z ztU =

S| =
Mﬂ

’ﬂ |

B /
E (Uit - ZZW m) (Uit - ZZW m)
iV 1V

t=1
1T T m;um. My m
/ WU U v 2 iU 571
= = 5 B |UyUy + —5—=Vii — Uy Vi Ult‘/zt
thl L lv miv
1S T 8. myuym, m;upm’ m;um)
i 1 L 1 ) 7 L
N § E _Uitl _ U 4 U 4 zU]
T my m;y my

~
Il

—
r

B; _ MU .8,
|:Uzt ‘/zt :| .
ZEGO t=1

It follows that

Qk - (Nkl',ll"r%l—»oo ZV]C Z ZE ZtU

GGO t 1

Lemma S1.14 Suppose the conditions in Theorem 2.6 hold. Recall that 6 O'G(K ) T =<7 Zszl Zieék(KM) Z;F:l

A o a _ ~2
P (wit; aék(K,A1)7‘u’i(aGk(K,A1))) . Let 6%, = %5 Zi:l thl Y (wit; i,,ui) . Then MaxX g, < K< Kmax |JG(K7)\1)
—5’%0| =0p (T_l) .

Proof. When K > K, = O0p(T~24\))

for each 7, and

NZH 1”,6

Then by Assumption Al(vii), IIE_ | [|ar — of | = Op(T~1/?) for I = 1, ..., K. It follows that the collection
C = {ax,k = 1,..., K} contains at least K distinct vectors, say, &1, ..., &k,, possibly after relabeling the
vectors, such that

_ Mipgx
}_NH

Nk,
N

I, 2,

S -

|6 — o, || = Op(T

l|é — || M e 41 [|6u — al|| = Op(T7?) for k = 1, ..., Ko.
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As before, we classify i € Gy, (K, \) if ||8; — dkH =0fork=1,..,K,and i € Gy (K, A1) otherwise. Suppose

that i € Gy (K, ) for k € {Ko+ 1,...,K}. Then by the pointwise consistency of Bi, we know that the
probability limit of & must be given by one of the columns in a® = (af,...,a%, ) and it converges in

probability to the true value at the rate T~/2 4+ ;. Apparently, if C contains nj elements with probability
limit given by o, we can derive that ||& — o || = Op(min(T—1/ @) T=1/24 \y)) for k =1, ..., Ko. Without
loss of generality, assume that if ny > 1 for k € {1,..., Ko}, G (K, A1) contains the maximum number of
elements among the subsets G (K, A1) with plim(y, 7)oy = .

Using arguments like those in the proof of Theorem 2.2, we can show that

Z P (EkNT,i> = O(l) for k = 1, ...7K() and Z P (FkNT,i> = O(l) for k = 1, ...,K(). (819)
i€GY i€Gy (K A1)
The first part implies that Zfil P (z € Go (K, \) UGk, 11 (K, A\)U--- UGk (K, )\1)) =o0(1).
Let ;, (k) = 24 (wit;é‘ék(l(,)\l) (K, M) 7ﬂi(dék(Ka)\l))> . Using the fact that 1{i € G} = 1{i € GO+
1{i € G\GY} — 1{i € GY\Gy}, we have

T

K

. 1 5

02@(1{,,\1) =NT Z Z Z%‘t (k) = Dint + Dant — D3t + Danr,
k=1ieGy(K ) =1

where
1 Ko T R 1 Ky T )
Dint = 37> 2 D Yulk), Dave=gz>. 3. D tulk),
k=1 ieGg t=1 k=1 iEék (K,Al)\Gﬁ t=1
1 Ko T 1 K T
Dsnr = 7 Z Z%t (k), and Danr = NT Z Z Z"/}it (k).
k=1 iEG%\Gk(KJ\l) t=1 k=Ko+1 ieék(K,/\l) t=1

Let 6 y7 = min(v/NT,T). By (S19), we have that for any € > 0, P (DQNT > 51_\,2716) < ZZK:Ol P(FkNT) — 0,
P (Dsnr > dyre) < S5 P(Eynt) — 0, and P (Dant > dye) < Siy P(i € Uggar<k<xGr (K, M)
— 0. It follows that &é(K M) DinT +o0p (51_\,??) for all Ko < K < Kpax.

Following the proof of Theorem 2.5, we can show that dG‘k(K ) —a) =O0p (6&17«) for k=1, ..., Kyg. Then
by Taylor expansion, we can readily show that

9 Ko T
Dint = NT Z Z Z¢ (wiﬁé‘ék(}g,\l) (K, A1) aﬂi(&ék(K,Al)))

k=1ieG9 t=1

= % ZO Z ZIZJ (wit; &, fu; (o))

k=1 iegg t=1

2 r
VT 2 X 2wl o) [ ]

k=1icGY t=1

2 d 0 ~ oy Ok (ag) N 0 -2
o ;lg ;‘/i (wie; ), fi; () o {O‘G‘k(K,x\l) — ak} +Op (657) -
_ 0 1=

Dint1+ Dinr2 + Dints +Op (5N2T) .
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By Lemma S1.12 and the fact that By = Op ((N/T)Y?), we can show that Dinr2 = Op (5]:,2T). Let
— 8'\7; aO
Dinrs = 77 S 1 2iec S Vi (wit; o, fi; (o)) %}f). Then

_ 1 & O, (B Ois (B7) _ O (B
Dint3 = ﬁzzvﬁ 3. NTZZV”< )_ aéi )>

i=1 t=1 i=1 t=1
N T
1 o Op; (a
RO WAILIE 3(k)+op< D

= Dinrsi + Dinra2 + Dinrss +O0p (T71).

By the Chebyshev and Davydov inequalities, we can readily show that Diyr31 = Op ((NT)_l/z) . By (S5),

O (89) _ omi (B) _ oms (BLF(T2) o (B Fi(0)

0B, 9B, a 9B; 98
JVE (580, m9) aFy [V (580 i (89)) dFy
JVE (BT i) dE: [V (58 i (B7)) A

n;v n;v _ nszzV annzV

myy My My My
_ iy (v — miv) + (N — Nyy) may ($20)
My My

where nyy = f‘/zul ( za:u’z)d-Fu ﬁlV = fVIB ( zaﬂz (ﬁo))dpzv miV = f‘/z'ul ( 7/31’/’L’L (6?))dﬁ‘u and
recall m;y = [V (4 Z,,ul) dF;. Then by (S11) and Lemma S1.2(i), we can show that

DiNT32 = %ii%tmi\fniV(miV_sz —%iivnm (fiy — niv)+0P(5E,11,)7
N 1 1\;7 1_ T 172_
R = 2353 [ e () - ]
2 (1 & 2 o N (1T 2
= NZ{TZ[W” (wi; 57, 1 (B7)) = Vi) } +NZ{ STV -y }
= OPl Tl*l) TOlP (T7')=0p(T7), o

||D1NT,32 H

AN
——
2|~
[~]=
E

<
s
=
/N
Nl =
(]~
=
N——
_ [\v]
Nl
=
[\v]
—N—
2|~
3
=
|
3
=
——
Iy
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For D1n7,33, using (S11), (S20), and Lemma S1.2(i), we can readily show that

>3V i ) - ) 258 s 0 53

_ 1
D = —
1NT,33 NT Doy
1

T
O, (a -
m—&iﬁ - 0p 534)

I
)
Y

—
=
5

Y2) + 0p (5) = Op (95h)

Then DINT,S = Op ((5;\,111) and DINT,S = Op ((SNQT) .

By Taylor expansion,

N T
2
DinT1 — Gk = N—ZZ wztyﬁwuz(ﬁo))
N

S V) o () ] s 3DV o (D) [ ()

i=1 t=1
= Dinta1+ Dinta2

Using (S11), we can readily show that Dinr 11 = Op( *1) and Dinr12 = Op (Tﬁl). Then Dinr =

G20+ Op (T71) . It follows that &

ZG(K)A ) 0'(;0 OP ( ) for each KO < K < Kmax~ |

S2 Bias Correction in Linear Panel Data Models

S2.1 Bias Correction for the PPL C-Lasso Estimator

For the linear models considered in Section 2.6, the bias of the Lasso and post-Lasso estimator takes the
form

1 1
bint = H ypBent = Hp ypBienT,

T _ _ T T
where Hint = w7 Yieqo Yoot BA [zt — B (Z0)] [2ie — B (7:.)]'} and Bienr = —W Dieq) Xos=1 2oi=1

— A~ ~ N ~ T A~ . A
git [tis — B (Z;.)] . Let &5 = yir — x;toaék — fi; and fi; = % Yoie (Wi — $§taék) for all i € Gj.2 We propose to
estimate by n1 by

. PO
bint = H yrBisnt

-~ o 1 T ~ ~ o o 1 T T N
where Hynyr = T Zzeék Zt:l ZiZy, and Bryr = *W Zieék Zs:l Zt:l ki (t,s) x;s€s. Here

kair (t,s) = k3, (It — s]) and kY (u) denotes the Bartlett kernel:

Koy (u) = (1= Jul /Mp) 1{|u| < Mz}

Dynamic misspecification is permitted here. If the model is dynamically correctly specified in the sense
that E (e;|Fi1—1) = 0 where F; 4—1 = 0(Wi,t—1, Wit—2, -} Tity Tit—1, -..), & one-sided kernel can be used with
Eaer (t,5) = Ky, (s —t), where

kg, (w) = (1 —u/Mr)1{0 <u < Mr}.

2Observing that & —al = Op ((N;CT)*l/2 +7T71) and &Gk —-a? =0p ((NkT)*l/2 4+ T~1), one can use either estimator

in the definition of the residuals. We recommend using the post-Lasso estimator &ék because of its better finite sample
performance.
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Other choices of kernels are possible. So the bias-corrected PLS C-Lasso estimator is given by

& — 4 I &1

=& — ——=H _yBirnT.
ap, VT ENT
Similarly, we can obtain the bias-corrected estimator for the post-Lasso estimator &Gk.

Let 2; = (i1, ..., zir) and g; = (gi1,...,eir) . Let ||A||, = {E||4]*}}/* for any a > 1. Let C denote a
generic positive constant that does not depend on N and T. We add the following assumption.
ASSUMPTION D1. (i) Foreach i =1,...,N, {(zit,e) : t =1,2,...} is strong mizing with mizing coefficients
{i (1)} such that o; (1) < caip™ for some cq; < 00 and p € (0,1). 7= ZZGGO cffg Ve =0 (1).

(ii) (w;,€;) are independent across i € GY where k =1, ..., Kj.

(iii) max; ; B ||z;]|*" < C < 0o and max, ;& lew||* < C < oo for some q > 1.

2¢—1

(iv) As (N,T) — 00, Mp — 00, M3/T — 0, MZN,/T* — 0, and N, °*TV2 S, oo s (Mr) ™55 — 0
for each k=1,..., K.

Assumption D1(i) assumes the usual mixing condition. D1(ii) assumes cross sectional independence to

simplify the proof which can be relaxed at the cost of lengthy arguments. D1(iii) assumes moment conditions.
The last condition in D1(iv) can be easily ensured under D1(i) because for any My > — In(NY/271/2)

(e.g., My = (ln(Nl/QTl/Q))lJrE for some € > 0), we have

(29— 1) Ing

IN

NCT S ) < (N o | e

ieGY i€GY
2qg —1) M.
O (1)exp (ln (N;/2T1/2> + % lnp) — 0.

The first three requirements in D1(iv) can be easily satisfied too. For example, if Ny oc T* for some a < 3,
it suffices to set My oc T'/? for some b > max{2, 2/ (3 — a)}.

Proposition S2.1 Suppose Assumption D1 holds. Then I/E\H,Zﬁ,TBMNT - H,;ﬁ,TIEBlkNT =op(1).

Proof. Noting that ﬂ];NTBlkNT — H];]%[TBlkNT = (ﬁ;]bT — H;l)BlkNT + (ﬂ;]%fT — H];]%}'T)(Elk‘NT —
BlkNT) +HkNT(B1kNT — BlkNT) HI;]%/T = O( ), and BignT = OP(\/Nk/T), it suffices to show that (1)
HkNT — HkNT = OP(VNT) and (11) BlkNT — BlkNT = Op( ) y where VUNT = min(l, T/Nk/)\

We first prove (i). Let Hynr = W ZieG% thl 2@, Tt suffices to show that (il) Hyyr — Hynr =
OP(VNT) and (12) HkNT — HkNT = OP(Z/NT). Note that

Hint —Hivr = —— Z sztht N T > anxzt

zGG t=1 i€GY t=1

T
1 . Ny, —Nk
= NT Ziz Zzt;t+NNT szztm”
ko \ieg, ieqy) t=1 kL ieqy t=1
= Hk71+Hk72.

By Corollary 2.3, we can readily show that Hy 2 = Op(N, ') = op (vnr). For any € > 0, we have by the
proof of Theorem 2.2, P (||Hk71|| > I/NTE) < P(FkNT) + P(EkNT) =0 (1) . It follows that Hyn1 — HkNT =
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op (VNT) . NOW,

Hinr — Hine = Nk Z Z {Zudyy — B{ [z — B (2:)] [z — B (T ) i3

ieG) t=1

t=1

- ﬁ zgj S (it — B (@) o — B (22)] - B{ [ — B (7)) [ — B (2]}

Z Z {Ziay — [wie — B (20)] [z — B (20)]}}

zEG’Ot 1
= Hk,3+Hk,4.

Let wq and wy be arbitrary nonrandom p x 1 vectors such that ||wq|| = |Jwz|] = 1.By Assumptions D1(i)-(ii)
and the Davydov inequality, we can readily show that

2 _
E [(w'lHk,i;wg) } Var (w} Hy, sw2) v T — ZG tzlzlE C1.0tCa Zs _ ((NkT) 1) .
1€GY s
where (; ;4 = wi [z — B (Z:)] [ — B(2:.)] — B{ [z — B (Z;.)] [z — B (Z:.)]) Ywa. Tt follows that Hyz =
Op ((NyT)~1/%) . Note that

T T
wy Hy gwo = N T Z Zwﬁ%t %) wy = NkT2 Z ZZCz,m

ieGY t=1 i€GY t=1t=1

where (5 = Wiz — B (2i)] [2is — B (245)]' wa. By Assumptions D1(i)-(ii) and Lemma A.2(ii) in Gao
(2007), we have

2
T T
2 e
B | (wiHgaws) ] Var (w) Hy, aw2) N2T4 Y B (ZZCz,im) =0 (N;'T™?).
i€GY t=1 s=1
~1/2p
It follows that Hy 3 = Op(N,
completes the proof of (i).

—1). Consequently, Hyn7 — Hynyr = Op ((NkT)_l/Q) = op (vn7). This

We now prove (ii). Let Bixnr = E(Bienr) = 1/2T3/2 Z,LGGO ZS 1 Zt 1 E (gitxis) . We prove (ii) by
showing that (iil) Bixn7 — Biant = op (1), and (ii2) Bient — Bienr = 0p (1). For (iil), we have

Wy (Burnt — Birnr) = 1/2T3/2 Z Z ZC% {eit [zis — B (2:.)] — B (eawis) }

eGOS 1t=1
1/2 3/2 Z ZZC3 itss
T/ eGDS 1t=1

where (3, = Wi {€it [vis — B (Z;.)] — B (ei2is)} - Then by Assumptions D1(i)-(ii) and Cauchy-Schwarz in-
equality,

T T 2
i _ 1
E [w& (BlkNT — BlkNT)]Q = Var (w’l (BlkNT - IB1kNT)) = W E (Z Z<3,its>
i€GY 5

- 2
Wi E (Eitl’is)> .

NkT3 Z E (ZZwlslt xis — B (Z;.) ) . T3 Z (;t

ieGY s=1t=1 i€GY
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For the first term, we can apply Lemma A.2(ii) in Gao (2007) and show that it is O (7). For the second
term, we can apply the Davydov inequality directly to show that it is bounded from above by

2
¥ T3 > <8T||51t|4q |w1xzs||4anZ )2a=D) /<2q>> =0(T7).

i€GY

It follows that Bipnt — BlkNT =0 (T71/2) =op (1) .
We now show (ii2), we first make the following decomposition:

T T
Bunt — Bieny = 1/2T3/2 Z ZZ My (L5 8) TisEit — 1/2T3/2 Z ZZE(Eitxis)
1

ZGG s=1t=1 eGO s=1t=1
1 r X T
- N1/2T3/2 Z ZZkMT <t78) xiséit 1/2T3/2 Z ZZE Eltxls +op (1)
k ieGY s=11t=1 i€GY s=11=1
= 1/2T3/2 ZGU ;;kMT t 8 Tis (Elt 57,15)

1/2Td/2 Z ZZkMT t S ‘Tzsgzt E(xisffit)]

1€G05 1t=1
T

—1/2 1/2
+% SN kot () B (100)

ZGG% s=1t=1

Wsm S 3 1 kv () B + o (1)
GGO s=1t=1

= Binra + Binra + Benrs + Benra +op (1),
where the op (1) term arises due to the replacement of Gy by G9 and this can be easily justified by using
the uniform classification consistency result and arguments as used in the proof of Theorem 2.5. We prove
(ii) by demonstrating that Byyr,s = op (1) for s =1, 2, 3, and 4.
We first study Bjnr,1. Noting that & = y;r — x;tézék — b = Yit — x'itd@k — % Zle(yit — xgtézék) and
Yit = xgtag + u; +ei fori e Gg, we have that for i € Gg

T
Eit — it = Vit — Ty, — Z Yit — Ty, ) — it = Fy(ad) — bg,) — i
_ 1 T
where &;. = 7 ), €;t. Then
R 1 5 R 1 _
Bynrn = 127a) DX D kg (ths) wisEh(al — ag,) — 1278/ DD kg (t9) wiski
i€GY 5= k i =

Bint1 (1) — Benra (2), say.
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In view of the fact that dg —af = Op (NT)™"/? +T1) and N = Ny, (1+0p (1)), we have

HBkNT,l Ml = 1/2T3/2 Z ZZkMT (t,s xlsxzt( aék)

eGUs 1t=1

Nle/Q
< — 73 Hag (o]
Nk i€GY |s—t|<Mr
= N*1'20, ((NkT)’l/Q + T )op (Mr/T)
- Op (1 + NPT 1/2) Op (MyT) = op (1)
where we use the fact that ﬁ ZieGg 2js—t|<my [1TisZil| = Op (Mr/T) by moment calculation and the
Markov inequality. Let Binr1(2) = W Zier 25:1 Zle knrp (t,8) w'misE;., where w is any p X 1
k
nonrandom vector such that ||w|| = 1. Then by Assumptions D1(i), (iii) and (iv),
) T T T
|E [B’“\’Tvl (2)H < 1/2T5/2 Z ZZZkMT (t,5) B wxlsswﬂ
GO s=1t=1r=1
T T T
2q-1)/(2
< 1/2T5 20 20D Far (88 /il llsinllag i (r = s) 740
eGO s=1t=1r=1
onN/? )1 1
< k - Z C((fg*l)/(h) - Z plr—S\(2q—1)/(QQ)

732\ N»
iEGg t,s,r: |s—t|<Mr

= NY*17320(1)0 (M) =0 (MTN;/2T*3/2) =o(1).

Similarly, by Assumptions D1(i)-(iv),

T
5 1
Var (Benra (2)) = N5 Z Var (ZZZ Eary (£, 3) W/ﬂ%‘s&'r>
k i€GY s=1t=1r=1
1 T T T 2
S N5 > E <Z SO ke (t 5)w1$i55ir>
k i€GY s=1t=1r=1
1
- N, T5 Z Z kg (tl’t2) knry (t47t5)E (wlx’itzgit;; wlx’itg)gitg)
K 1€GY 1<ty,ta,....,t6<T
< w2 > B &/ itsEity @' Titsity)|
k i€eGY 1<ty ,ta,...,ts<T

[t1—ta| <My, |ta—ts| <My
= O(MZ/T)=0(1).

Consequently, Bgn,1 (2) = op (1) . This, in conjunction with Corollary 2.3, implies that By (2) = op (1)
as w is arbitrary. Thus we have shown that BkNT 1=op(1).
For Bjnr.2, note that Bint.2 = Binr, QN /N1/2 = BgnT,2 (1 +0p (1)), where Binr2 = W ZieGg

Zs:l thl knry (t,8) [miseir — B (w55641)]. By construction E(Bgyr.2) = 0. By Assumptions D1(ii)-(iii) and
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Jensen inequality,

Var (w’BkNTQ) = v T3 Z Var k;MT (t,s) xwa,t E (z;sAgit)]
k zeGO s=1t=1
1 T T T T
S N3 DD DD kg (6 9) kg (1 D B (Waiscirsirmiw)
R g0 s=1t=1r=11=1
< NkT?’ Z Z Z |E (w'ziseneirraw)| = O (M7./T) =0 (1),

i€GY |s—t|<Mr |r—1|<M7

where the last equality follows from the fact that |E (w'zseigirzaw)| < max; s ¢ ||:1cis€it||§ < max; ||avit||421
X max; ; ||5itHZ < C < oo by Assumption D1(iii). Then Byn72 = op (1) by the Chebyshev inequality and
thus BkNTQ =op (1) .

By Corollary 2.3 and the Davydov inequality,

A N :
’BkNT,SH = - kary (t,8) B (zi58it)
T3/2( 1/2+N 1/2) lEZC;JZ:ltZ:; T

Ni

N T Z Z |E (zis€i) |

% —1/2 r—1/2
T1/2Nk(Nk / +Nk /) ZEGO |S t|<MT

= op(N;PT7Y)0 (1) = 0p (1)

By Assumptions D1(i)-(iv) and the Davydov inequality,

)BkNTAH = 1/2T3/2 > ZZ (1= s (8 $)] B (ziseir)

EGOS 1t=1

1/2T3/2 ) ZZ (1= s (8 $)] B (ziseir)

ZEGOS 1t=1

2 1 2
1/2 oY @il — )TV Yz, N,
T3/2
i€GY |s—t[>Mr

< ONJ'VPTY2 ST (Mp) PR = (1)
i€GY

This completes the proof of the proposition. m
With the above result in hand, we can readily show that

\/W( ¢ - ag) - {m (G — o) — HIZZ%ITBUCNT] + (Nk/](f,c)l/2 [H&T&WT _ H/_]\II;I%[TBUCNT}
- {1 a (N’“/N’f)m] HynrBuient
= (VAT (60 o) ~Bida B or () +op (V1) O (/1))
- {m (G — o) — HI;]%/TBIkNT] +op(1).

That is, NkT(éz,(:) — a¥) has the desired limiting distribution centered on the origin.
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S2.2 Bias Correction for the PGMM C-Lasso Estimator

Bias correction for the PGMM C-Lasso estimator in dynamic panel data models can be done analogously.
For simplicity we focus on the case where W,y = I for all i. Recall from Theorem 3.4 and the remark
regarding Assumption B3(iii) (see (3.3) in particular) that

\/NkT (&k - O(g) - A;lBkNT 2) N(O,A,;leAlzl) for k = 1, ...7K0

i A A T T
where A; = Nik ZieG% Qa2 Qi a0 and Byt = W ZieG% Yoy 2o B (Awisz 2t Aejy) . Based on
(3.3), in order to verify Assumption B3(iii) we also need to show

Vienrt 1/2 1 Z ZQz 2AzZitAEit 2 N (0,Cf), and (S1)
T/ ieGY t=1
T T
Rynt Z Z Z {[Awiszl, — B(Awiszl,)] zinAeis — B(Amiszl 20 Aei)} = op (1), (S2)

1 2
/ T3/2 i€GY s=1 t=1
The first part is assured by a version of the CLT. Below we first propose an estimate of the bias A;lBk NT

and then demonstrate (S2). B
To correct the bias, we propose to obtain consistent estimates of Ay and Byy7 respectively by

T
Z Ql zAzQz 2Ae and By = ~1/2T3/2 Z Z;Zk‘MT (t,8) Az;s2t 2ie A s,

’LEGk i€Gp t=1

where A&y = Ay — &/(;kA-'L'it for all i € Gy,® kary (t,5) is as defined above: kpr,. (t,5) = Ky, (|t —s])
and kf; (u) denotes the Bartlett kernel: k3, (u) = (1 — |u| /Mrp)1{|u| < Mr}. Note that we also allow
dynamic misspecification here. If one is sure that the model is dynamically correctly specified in the sense that
E (Aegit|Fit—1) = 0 where F; 11 = 0(Ae; 4—1, Axiz_1, zit; A 1—2, ATit—2,2i¢—1;...), one can use the one-
sided kernel: kng,. (t,s) = ky, (s —t), where ky, (u) = (1 —u/Mp)1{0 <u < Mp}. The bias-corrected
C-Lasso estimator of o would be

~(c ~ 1 1 — -~
OL](C) = O — = AlekNT-
V Ni,T
Note that Theorem 3.4 indicates that there is no need to consider bias correction for the post Lasso estimator
ag,
Let z; = (z41, -, xiT)/ and ¢; = (eq1, ..., siT)/ . We add the following assumption.
ASSUMPTION D2. (i) For each i =1,..., N, {(Ax;, zit, Aeyr) : t = 1,2,...} is strong miming with mizing co-
efficients {c; () }. In addition, o; (T) < cq,ip” for some co; < 00 and p € (0,1) where N ZzeGO (2q 1/(zq)
=0(1) and NLk Zlego cgql Vit =0 (1).
(ii) (w;,€;) are independent across i € GY where k =1, ..., Kj.
(iii) max; ; B ||Azizl,||* < C < 0o and max, ;B ||z Acy | < C < 0o for some ¢ > 1.
(iv) As (N,T) — oo, My — oo, M2/T — 0 and Nk_l/QTl/2 Dieqy i (M7) 2= D/CD 0 for each
k=1,..,Ko.
Assumptions D2(i)-(iv) parallel D1(i)-(iv). The major difference is that we do not need M2ZN; /T3 — 0
in D2(iv) but require ¢ > 1 in D2(iii).

3Observe that &y, — ag =0Op ((NIQT)_l/2 + T_l) and dék — ag =0Op ((NkT)_l/Z) . We recommend using the post-Lasso
estimator dék'
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Proposition S2.2 Suppose that the conditions of Theorem 8.4 hold. Suppose Assumption D2 holds. Then
A ' Bynr — A Benr = op (1).

Proof. Noting that /1_ BkNT — A;lBkNT = (Alzl A_l)BkNT + (1‘1_1 - A_ )(BkNT - BkNT)
+A (BkNT BkNT) = O( ) and BkNT = (\/Nk/ ) it suffices to show that ( ) Ak—Ak = op (VNT)

and (ii) ByunT — Bint = 0p (1), where v = min(1, \/T/Ng).
We first prove (i). Note that

Ak - Ak = = Z Qz zA;rQi,ZAx - Z Qz zAin,zAx
leGk ZEGO
1 L
= N_ Z - Z Qi,zAach,zAx N N Z Qz zA;rQi,ZAx
k \ica, iecy Yk eqo

= Apq+ Agp2, say.

By Corollary 3.3, Ag 2 = Op(N,Ql) = op (vnT)). For any € > 0, we have by the proof of Theorem 3.2,
P( ) < P(Fent) + P(Exnt) = 0(1) . It follows that Ay — A = op (VnT) -
Now we prove (ii). We make the following decomposition:

BinT — Bint

T T
= 1/2T3/2 Z ZZkMT (t,8) Amis2) 2it Aip — 1 Z ZZE(A.’I?Z'SZZ{SZ”AE“)

1/2m3 /2
leGkS 1t=1 Nk; T/ iEG% s=1t=1

T T
= 1/2T3/2 Z ZZkJMT (t,8) Az;s2) 21t AEs — 1 Z ZZE(AwiszgszitAeit) +op(1)

1/2m3 /2
G(Js 1t=1 Nk; T/ ieG%s:lt:l

- 1/2T3/2 2 ZZkMT (t,5) Awisziszit (A& — Acyy)

leGOS 1t=1

Z ZZK’MT (t,8) [Aziszl 2z Aeyy — B (Amis2l ziAciy))

T/ gGos 1t=1

N—1/2 oy T
+kTTk Z ZZkMT (t,8) B (Aws2 zieAeis)

€GO s=1t=1

e

= BkNT,l + BkNT,Q + BkNT,3 + Brnta +op (1),

where the op (1) term arises due to the replacement of Gr by Gg and this can be easily justified by using
the uniform classification consistency result and arguments as used in the proof of Theorem 2.5. We prove
(ii) by demonstrating that Byyr,s = op (1) for s =1,2,3, 4.

First, noting that Ag; — Ag;y = (af) — dék)'Axit, aa, — al = O0p ((NkT)_l/Q), and that Nk/Nk =
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1+ op (1) by Corollary 3.3, we have

1/2T5/2 Z Zk;MT (t,s) Aziszhyzie(Amy) (af) —ag,)
zeGO s=1t=1

IN

RTINS ) DU Te R
i€GY [s—t|<MT

= Op(1)benr1

where by = ﬁ ZieG‘,ﬂ Zﬁ—t‘SMT |Az;s 2 2it (Azip) || . By the Markov inequality, bynr1 = Op (M1 /T).
It follows that || Byn7,1]| = Op (M7 /T) = op (1) under Assumption D2(iv).
For BkNT,Q, note that BkNT,Q = kaT,QN;/z/N;m = kaT,Q (1 +op (1)) , where

binT2 =

Z Z Z kg (t,8) [Axiszi zieAcy — B (Axiszi zin Acit)] -

1/2 3/2
T3/ €GY s=1 t=1

Let w be any p x 1 nonrandom vector such that ||w|| = 1. Then E (w'bynr,2) = 0. By Assumptions D2(ii)-(iv)
and Jensen inequality,

Var (w'kaT 2)

= NkT?’ Z Var ZkMT (t,8) W {Awiszl 20 Aey — B (Aziszl 2z Aei) }
zeGO s=1t=1

T T T T
< N T3 Z ZZZZkMT (t, 8) kney (r, 1) B [Ams 2 2 Ay Axy 25 250 Ay | w
k i€GO s=1 t=1r=1I=1
< NkT3 Z Z Z |B (W Azs2)zie Acit Az 25y 2ir Acipw] |

zeGD |s—t|<Mr |r—1l|<Mrp
= O(MT/T):O()7

where the last equality follows from the fact that ||E [w'Az;sz], zi Acis Az 2} zip Aiyw] || < max; {E [|Az;s 2|l }

1/2
X max; ; {E ||zitA5it||4} < C < o0 by Assumption D2(iii). It follows that Bynr,2 = op (1).
By Corollary 3.3 and the Davydov inequality,

)qu _ qu

T T
||BkNT,3|| = _ ~ Z sz Amzsz ZztAgzt)

TN NS | S

‘Nk—Nk

NkTZ > B (AwiszyzinAei)|

N7 —1/2 1/2
T1/2Nk(Nk / +N /) ZEGO |s t|<MT

= op(N;PT712)0 (1) = 0p (1).
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By Assumptions D2(i)-(iii) and the Davydov inequality,

| BenTall

T
1/2T3/2 Z ZZ (L — Kary (,8)] B (AziszizieAcir)

ZgGO s=1t=1

2q—1)/(2
Z Z (s — ( q—1)/(2q) | Azisz ZSHM [zitAcit | 4,
€GY |s—t|>Mr

C’N,;l/QTl/z Z a ( T)(2q71)/(2q) =o(1).
ieGY

1/2T3/2

IA

This completes the proof of the proposition. m
With the above result in hand, we can readily show that

r _ q ~ 1/2 _ ~ ~
VNT (&7 —of) = [VNAT (ax — of) = A4 Bewr] + (Ni/Ne) [ A Bowr = A, B |
~ 1/27 _ 1
n {1 _ (Nk/Nk) } A Binr
= :\/NkT (dk — ag) — A;lBkNT: +op (1) +op (N;l) o ((NK/T)I/Q)

= [VNT (& — ) — Ay ' Binr | +0p (1)

That is, v/ NiT(dy, () _ a9) has the desired limiting distribution centered on the origin.

Now, we demonstrate (S2). Let &;, = Ax;szl, — E(Awm;s2,) and 1, = 2z Ae;. Noting that E (€,,) =0
and E (n,,) = 0, we have

T T
Rynt = 1/2T3/2 Z ZZ isTit — zsnit)]

i€GY s=1t=1

= 1/2T3/2 Z Z it"hit — ztnit)] 1/2T3/2 Z Z isMit — fzsm‘t)]

eqy i=1 €GO 1<s<t<T
1/2 3/2 E E 514%5 gzsnzt)]
T i€GY 1<t<s<T
= Rinta1+ Rint2 + RpnT,3, say.

It is trivial to show that Rynr1 = Op (T’l) by the Chebyshev and Davydov inequalities. For Riyn7,2, we
have E (Rgn1,2) = 0 by construction, and by Assumption D2(ii) and Jensen inequality

E (RiNT,Z) = NkT3 Z Var Z [fitlﬁm —-E (fitlmtz)]

ieGY 1<t1<t2<T

N.T3 Z Z Z (fz‘tlmtgﬁitﬂm) = SN, say.

zGGO 1<t1<to<T 1<t3<t4<T

To bound Sin7, we can consider three subcases: (a) #{t1,t2,t3,tsa} = 4, (b) #{t1,ta,t3,t4} = 3, and (c)
#{t1,t2,t3,ta} = 2, and use SynT,0, SkNT,p; a0d SkNT,c to denote the last summation when the time indices
are restricted to these three cases in order. Apparently, Spnr,. = O (1/T) under Assumption D2(iii). In

case (a), without loss of generality (wlog) assume that 1 < ¢t; < t3 < t3 < t4 < T and denote S,i%T)a as
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SkNT,o When the time indices are restricted to this subcase. [Note that the other subcases can be analyzed
analogously.] Let d. be the c-th largest difference among ¢;41 —¢t; for j = 1,2, 3. Then

Sl(cll\)/'T,a = Nk T3 Z Z + Z + Z

i€GY \1Sti<te<tz<ta<T,ta—ti=d1 1<t1<te<tz<ta<T tz—to=d1 1<t1<te<tz3<ta<T,ta—tz=dy
xE (fitl 77it25it377it4)
_ (1) (1) (1)
= SkNT a1 T SkNT a2 T SkNT,aii’ say.

By the Davydov inequality and Assumptions D2(i) and (iii),

T-2 T—1 T
SNrar < N, T3 2 Z > > X €t [l it €ing it || 4 5 v (b — 1)@ D8
k 1€GY ti=1to=t) +max;>z{t;—t;_1} ta=ta+1ta=t3+1
N T-3 T-2
<

NkT?’ZZ Z (t2 —t1) ozz(thtl)(q 1)/q

i=1t1=1to=t1+1

= NkTZZT% Jr=or.

i=171=1

Similarly, we can show that SkNT us =0 (1/T) for s = 2,3. It follows that S,SVT .=0 (l/T) and SkNT 0=

O (1/T) = o(1). In case (b), wlog assume that t4 =t and 1 < t; < t3 < t3 < T and we use SkNT’b to SenT b
when the time indices are restricted to this subcase. Then by the Davydov inequality and Assumptions
D2(i) and (iii)

(1)
‘SkNT,b‘

NkT3 > > B (&0, it,) |

ZEGO 1<t1<t2<t3<T

< NkT3 Z Z ||£it17712t2 H4q/3 }|§it3|}4q o (tS _ t2)(Q*1)/q
i=1 1<t1 <ta<t3<T
= NkT Z Z n @V = o).

i=171=1

So Sknre = O(T™1). Consequently, Spnr = O(T~') and Rinr2 = Op(T ~1/2) by the Chebyshev inequality.
By the same token, Rynr,3 = Op(T~/?). Thus we have shown that Ry = Op(T~1/2?) = op (1).

S3 Numerical Algorithm and Additional Simulation Results

S3.1 Numerical Algorithm

In this section, we propose an iterative algorithm to obtain the PPL estimates & and B in Section 2. A
similar algorithm applies for PGMM estimation. Documented computer code is available online.

Step 1 Start with an initial value & = (ago), ...,d(KU)) and B( (6?),. .,353)) such that Z LB

d,iO)H # 0 for each k = 2, ..., K. Set the iteration index r = 1.

Step 2 Given &™) = (dgr71)7...,a(r 1)) and 3 =y (ﬁ(r 1)7 ,BE\C ), we first choose (3, a1) to

minimize

©

(r n dfffl)

)

N
LK A1
Qi (B,a1) = Quar (B) + 5 D118 — o[ T,
i=1
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(r1)

and obtain the updated estimate (B ,&Y)) of (B,a1). Next we choose (3, az) to minimize

rl) Py

A'r‘l) ~(r—
B; ay Y

QS (Baz) = Qunr (B Z 18;

)

(r:2)

and obtain the updated estimate (3", dér)) of (B, az) . Repeat this procedure until we choose (3, ax)

to minimize

N
r, K, )\ — A(TJC) ~ (7
QN (B,0x) = Quvr (8) + 5 118, — aunc | T |37 — &)
i=1
and obtain the updated estimate (B(T’K), d%)) of (B,ak). Let @™ = (dgr)7...7d%)) and Qg\g) =

IS ~(rk) . (r . . .
Zszl QgNlei)l (,8( ), oc,(C )). Update the iteration index from r to r + 1.

Step 3 Repeat Step 2 until a convergence criterion is achieved, e.g., when

2
K ~(r ~(r—1
S [ —ar )|

K
Zk:l

where €] 18 sorne prescribed tolerance level (e.g., 0.0001). Define the final iterative estimate of a as

& = (@™, ...

Q(rfl,K) . Q(T,K)

INT iNT < €tol and < €tol,

2
af "+ 0.0001

a K ) for a sufficiently large R such that the convergence criterion is met. Intuitively,

k) Gy,; otherwise, BZ is assigned to be the 04,(C ) that is

~ (R, . . C e . . - N
closest to some ,81(» ), l=1,...,K. In either case, we can write the individual estimate as 3; = a,(ff),
N . A(Rl (*) (R . . ~R1) (R
where k* = argminge(y, . II5; o[ and 1*(k) = argminie ey [1B; —ag™]l.

individual 7 is classified to group Gy, if ,6’1-

S3.2 Convexity, Choice of Initial Value, and Convergence of the Algorithm

The optimization of QY]’VkT[il (B, ax) is conducted on the (Np + p)-dimensional parameter space for (3, ay).

When N is non-trivial, this is a high-dimensional optimization problem. Obviously, in the penalty term
(7 1) B éél(r_l)H and H;fz—ll ‘ BET) _ &l(r
1,...,N. If Q1 n7(8) is convex in 3, then erNlei)l (8, ak) as the summation of Q1 n7(8) and the penalty,
is also convex in (83, ay). Convexity can substantially reduce the computational burden of high-dimensional

for each i =

B+, By and ay are jointly convex, given T k1

optimization.

A convex Q1,7 (8) is common in panel data models. Convexity apparently holds in the linear models in
Examples 1 and 2. It also holds in the nonlinear models in Example 3 with F(-) as the standard logistic or
normal CDF, and in Example 4 after re-parameterizing the original parameter (8;, y1;,02) into (61; = 3, /02,
02 = p; /02, 03 = 1/02). We utilize the convexity throughout our numerical works.

Given the convexity in each substep (r, k), the proposed algorithm consists of a sequence of convex
problems implemented in an iterative manner. In particular, the only difference between the standard
Lasso and a single substep of PPL is that Lasso shrinks the coefficients to a known center (zero), while the
center of PPL is determined in the convex programming. Thus a PPL iteration has the same computational
complexity as Lasso, which is O(N®T') in our context of panel linear regression (Efron, Hastie and Johnstone,
2004, p.443). The computational cost of a single iteration is minimal.

Since the additive-multiplicative penalty is not jointly convex in all the parameters (3, a), we can take
advantage of convexity in each substep for (3, a) but not simultaneously for (3, ). As a consequence of
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~ ~ (0 ~
the non-convexity, the sequence QET]{,I;),T =1,..., R, depends on the initial value (d(o), ,8( )), and QY;,’:,{{ )

might terminate at a local minimum but not a global minimum.
A natural initial value is to set (a,(go) = O)szl and each ﬁgo) as the QMLE from the i-th individual
time series (w1, ..., wsp). Denote this particular choice (3™, a"it)

o™ and we use it in all the simulations

as well as applications, if not explicitly stated otherwise. As we compare it with other possible choices, for
example (ag)) = 0)K_, and (550) = 1)V, starting at (8™, a!™*) often makes the algorithm converge in
fewer iterations.

Although a formal investigation of the algorithm’s computational complexity to attain the global optimum
is beyond the scope of the paper, we explore its numerical convergence and sensitivity to initial values through
a numerical example. We use the real data of savings rate in Section 5.1, and apply PLS and PGMM given
the number of groups and the tuning parameters selected according to the IC. The left subgraph in Figure
S1 shows the path of QAER,I;),T =1,..., R, and the right subgraph displays its PGMM counterpart. Each
of the ten paths is associated with a different starting point. First, the bold black curve is the path that
starts at (8™, ™). Next, we perturb the initial value to be ((3™ + e;)N ,, @), where e, is a vector
of p elements, each of which is randomly drawn from Uniform(—1, 1) and is independent across 7. This is a
substantial perturbation, in view of the magnitude of the estimates in Table 3. We use the perturbed initial
values to generate the other nine curves.

PLS Minimization Paths PGMM Minimization Paths
T§]
CC! -
o o
o
6 o 5
= _ = o
§ o g 24
2 2
c c
0 )] 0
= [1 4 | =
g ° 2 w0
o o
- “ G
T ° T
= =
(=]
P~ M~
o 4 o k
a
T T T T \ T \ T \ T
5 10 15 20 29 5 10 15 20 29
number of iterations number of iterations

Figure S1: PLS and PGMM paths starting at different initial values
Figure S1 illustrates the robustness of C-Lasso to initial values. We observe in each subgraph that the

criterion functions descend fast in the first few iterations, and then the paths turn almost flat until the
tolerance level is reached. All paths converge to the same value of the criterion function in this experiment.
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S3.3 Additional Simulation Results

In this section we carry out two more simulation exercises, one using PGMM to estimate a static panel
model with endogenous regressors as in DGP 4 below, and the other using PLS to estimate the linear panel
AR(1) in DGP2.

DGP 4 ( Linear static panel with endogeneity.) We maintain the linear panel structure model with two
explanatory variables as in DGP 1, but the first regressors is endogenous as it is generated from the
following underlying reduced-form equation: x;;; = O.ZM? +0.52;¢1 +0.52549 + 0.5e;;, where z;;1 and 2,40
are two excluded instrumental variables, and the reduced-form error e;; and the structural-equation
idiosyncratic shock e;; follow a bivariate normal distribution:

()= ((0) (s )

The second regressor x;;o is exogenous, and (T2, 2it1, zit2) ~ 11D N(0, I3) is independent of (e;, €¢).
All variables are independent across ¢ and t. The econometrician observes (y;t, i1, Tit2, Zit1, Zit2)- Lhe
true coefficients of the three groups are (0.2,1.8), (1,1) and (1.8,0.2), respectively.

We report the statistics in Tables S1 and S2, which correspond to Tables 1 and 2, respectively, in the main
text. The choice of tuning parameters are exactly the same as described in Section 4. When we compare PLS
estimation with PGMM in DGP 2, we find that the PLS works better in determining the correct number
of groups and in classifying the individual units. The 95% coverage probabilities are comparable to those
of PGMM when T = 50, but are lower than PGMM when T is small. Similar to PPL in DGP 3, the lower
coverage probabilities is caused by the bias. The analytical bias correction removes the bias asymptotically,
but the effect is limited when 7' is small, as is shown in the oracle. The post-Lasso has larger coverage
probability than the oracle, as the estimated standard deviation is inflated by a few misclassified units.

Table S1: Frequency of selecting K =1,...,5 groups when Ky =3

N T DGP 4 DGP 2 (PLS)
12 3 4 5 12 3 4 5
100 15 0 0.022 0.902 0.076 0 0 0106 0.894 0 0
100 25 0 0  0.966 0.028 0.006 0 0 1 0 0
100 50 0 0 0.996 0004 0 0 0 1 0 0
200 15 0 0  0.940 0.058 0.002 0 0 1 0 0
200 25 0 0  0.950 0.046 0.004 0 0 1 0 0
200 50 0 0  0.994 0.006 0 0 0 1 0 0

Table S3 reports the RMSE and bias of a; from post-Lasso and C-Lasso under the true Ky and the
IC-determined K (or K for PGMM). These estimates are bias corrected whenever necessary in the DGPs.

(o) 2\ 1/2
For example, the RMSE of PPL under K is calculated as <% Zle 5:01 N]’ff (@1(;,)1(1(07 A1) — O‘%J) ) ,

where s and S are the index and the total number of simulation replications, respectively, and ]\7,55) =
Zij\il 1{i e CAJ,(:) (K, 1)} is the estimated number of units in the k-th group. This quantity differs from its
counterpart in Table 2 as each group-specific estimate is weighted by N, ,is) /N, instead of N /N, to take into
account the uncertainty in classification. The bias is computed similarly. The post-Lasso’s RMSE and bias
under the known Kj are close to the oracle. The performance of C-Lasso is in general comparable to that
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Table S2: Classification and point estimation of c; in additional simulations

% of correct Post-Lasso Oracle
N T classification RMSE  Bias Coverage RMSE Bias Coverage
DGP 4 100 15 0.8287 0.1583  0.0462 0.7850 0.0806  0.0018 0.9344
100 25 0.9281 0.0883  0.0195 0.8880 0.0617  0.0009 0.9380
100 50 0.9885 0.0517  0.0075 0.9406 0.0437 -0.0012 0.9422
200 15 0.8378 0.1155  0.0484 0.7860 0.0577  -0.0016 0.9454
200 25 0.9320 0.0643  0.0199 0.8742 0.0436  0.0001 0.9506
200 50 0.9881 0.0364 0.0074 0.9356 0.0311  -0.0005 0.9450
DGP 2 100 15 0.8907 0.0413  0.0061 0.9148 0.0352  0.0041 0.8524
(PLS) 100 25 0.9511 0.0261  0.0041 0.9710 0.0241  0.0028 0.9076
100 50 0.9908 0.0160  0.0015 0.9908 0.0156  0.0013 0.9334
200 15 0.8949 0.0294  0.0064 0.9154 0.0253  0.0052 0.8576
200 25 0.9520 0.0188  0.0037 0.9714 0.0178  0.0036 0.8808
200 50 0.9912 0.0113  0.0017 0.9934 0.0111  0.0015 0.9282

of post-Lasso, although C-Lasso appears to have larger RMSE in the PGMM estimation of DGP 2, where it
does not enjoy the oracle property.

When K # Ky, we generalize the definition of the set of true group-specific parameters. For K < K,
we shrink af = (af ,...,a%, ;) into a K-element subset af(K). For K > Kj, we augment af by adding
K — Ko elements choosing from of ,...,a%, | so that the resulting af(K) contains . Elements are

eliminated or concatenated in each replication to fit & (K (), A;). In this scenario, the RMSE is calculated
1/2

as <% Zle f:; ﬁ};—) (dk,l(K(s), A1) — a%l(IA{(S)))Q . According to the simulation, the effect of not
knowing K is noticeable when 7" = 15 in the linear models and T" = 25 in the nonlinear model, but it
does not necessarily enlarges the RMSE, for the estimator under K is also noisy when T is small. The
discrepancy of the RMSE and bias between Ky and K (or K) quickly vanishes when T' grows.

S4 Additional Application Results

S4.1 More on Savings Rate Modeling and Classification

All data are downloaded from the World Bank.* We extract all countries with all the variables in (5.1)
available. Using the time span 1995-2010, we were able to construct a balanced panel of 57 countries.
We remove one outlier Bulgaria, whose 1997 economic collapse produced hyperinflation in the CPI that
significantly distorted the overall mean and the standard deviation. In total we collect 56 countries. The
summary statistics are shown in Table S4.

In the implementation, we scale-normalize all the variables for each individual unit to guarantee that
the coefficients are comparable. Moreover, in PGMM we use Ay; o and a constant as two excluded IVs.
Although the constant is uncorrelated with the endogenous variable, adding it here stabilizes the post-Lasso
estimation in finite samples.

Table S5 displays the group membership. The country names in bold are the 47 coincidences of PLS and
PGMM classification out of the total 56 countries.

4nttp://data.worldbank.org/data-catalog/world-development—indicators.
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Table S3: Estimation of a; by post-lasso and C-Lasso under K and Kor K

Post-Lasso C-Lasso Oracle
K = Ko K=K K =Ko K=K

N T RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias

DGP 1 100 15 0.0596  0.0108 0.0829 0.0092 0.0619 0.0133 0.0839  0.0120 0.0463  0.0012
100 25 0.0385 0.0019 0.0385 0.0019 0.0396 0.0040 0.0396 0.0040 0.0353  0.0001

100 50 0.0249  0.0000 0.0249  0.0000 0.0255 0.0011 0.0255 0.0011 0.0245 -0.0002

200 15 0.0434 0.0079 0.1373  0.0081 0.0457 0.0107 0.1353 0.0114 0.0324 -0.0013

200 25 0.0273 0.0015 0.0273  0.0015 0.0280  0.0040 0.0280  0.0040 0.0250 -0.0006

200 50 0.0174 -0.0001 0.0174 -0.0001 0.0181  0.0011 0.0181  0.0011 0.0171 -0.0002

DGP 2 100 15 0.0848 -0.0090 0.0787 -0.0016 0.1311 -0.0372 0.1188 -0.0250 0.0502 -0.0037
(PGMM) 100 25 0.0556 -0.0055 0.0561 -0.0051 0.1042 -0.0267 0.1045 -0.0255 0.0351  0.0011
100 50 0.0278 -0.0012 0.0278 -0.0012 0.0418 -0.0130 0.0418 -0.0130 0.0242 -0.0010

200 15 0.0712 -0.0141 0.0743 -0.0145 0.1491 -0.0399 0.1483 -0.0383 0.0352 -0.0017

200 25 0.0333 -0.0051 0.0333 -0.0051 0.0932 -0.0284 0.0932 -0.0284 0.0252 -0.0006

200 50 0.0193 -0.0014 0.0193 -0.0014 0.0277 -0.0134 0.0277 -0.0134 0.0164  0.0000

DGP 3 100 25 0.1722 0.0587 0.1516  0.0727 0.2154 0.0615 0.1641 0.0688 0.1077 0.0114
100 50 0.0853  0.0379 0.0878 0.0383 0.1178  0.0487 0.1191  0.0489 0.0752  0.0090

200 25 0.1342 0.0483 0.1401  0.0649 0.1826  0.0487 0.1441  0.0573 0.0821  0.0116

200 50 0.0632 0.0264 0.0632  0.0264 0.0948 0.0372 0.0948 0.0372 0.0573  0.0121

DGP 4 100 15 0.1691  0.0487 0.1803  0.0376 0.2148 0.1087 0.2102  0.0941 0.0806  0.0018
100 25 0.0724 0.0189 0.1217  0.0207 0.0882 0.0523 0.1323  0.0539 0.0617  0.0009

100 50 0.0450  0.0031 0.0645 0.0042 0.0532 0.0204 0.0707 0.0215 0.0437 -0.0012

200 15 0.1271  0.0512 0.1348 0.0466 0.1777  0.1128 0.1793  0.1074 0.0577 -0.0016

200 25 0.05613 0.0153 0.1392  0.0235 0.0720  0.0498 0.1485  0.0577 0.0436  0.0001

200 50 0.0314 0.0036 0.0549  0.0049 0.0399  0.0221 0.0602 0.0234 0.0311 -0.0005

DGP 2 100 15 0.0482 0.0081 0.0487 0.0065 0.0747 0.0297 0.0715 0.0254 0.0352  0.0041
(PLS) 100 25 0.0263  0.0043 0.0263  0.0043 0.0418 0.0189 0.0418 0.0189 0.0241  0.0028
100 50 0.0160 0.0016 0.0160 0.0016 0.0218 0.0085 0.0218 0.0085 0.0156  0.0013

200 15 0.0295 0.0064 0.0295 0.0064 0.0567 0.0293 0.0567 0.0293 0.0253  0.0052

200 25 0.0188  0.0037 0.0188  0.0037 0.0307 0.0174 0.0307 0.0174 0.0178  0.0036

200 50 0.0113 0.0017 0.0113 0.0017 0.0171  0.0084 0.0171  0.0084 0.0111  0.0015
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Table S4: Summary statistics for the savings dataset

mean median s.e. min max
Savings rate 22.099 20.790 8.833 -3.207 53.434
Inflation rate 7.724 4.853 15.342 -3.846 293.679
Real interest rate 7.422 5.927 10.062 -63.761 93.915
Per capita GDP growth rate 2.855 2.971 3.865 -17.545 14.060

Table S5: Estimated group membership
PLS PGMM
Group 1: (31 countries) Armenia, Australia, | Group 1: (36 countries) Armenia, Australia,
Bahamas, Belarus, Bolivia, Botswana, Cape | Bahamas, Belarus, Bolivia, Botswana, Cape
Verde, China, Czech, Guatemala, Honduras, | Verde, China, Czech, Egypt, Honduras, Hun-
Hungary, Indonesia, Israel, Italy, Japan, Jor- | gary, India, Indonesia, Israel, Italy, Japan, Jor-

dan, Latvia, Malawi, Malaysia, Mauritius, Mex- | dan, Kenya, Latvia, Malawi, Malaysia, Malta,
ico, Mongolia, Panama, Paraguay, Philippines, | Mauritius, Mexico, Panama, Paraguay, Philip-
Romania, South Africa, Sri Lanka, Thailand, | pines, Romania, South Africa, Sri Lanka, Swazi-
Ukraine land, Switzerland, Thailand, Ukraine, United King-
dom

Group 2: (25 countries) Bangladesh, Canada, | Group 2: (20 countries) Bangladesh, Canada,
Costa Rica, Dominican, Egypt, Guyana, Ice- | Costa Rica, Dominican, Guatemala, Guyana,
land, India, Kenya, Korea (Rep.), Lithuania, | Iceland, Korea (Rep.), Lithuania, Mongo-
Malta, Netherlands, Papua New Guinea, Peru, | lia, Netherlands, Papua New Guinea, Peru,
Russian, Singapore, Swaziland, Switzerland, Syr- | Russian, Singapore, Syrian, Tanzania, Uganda,
ian, Tanzania, Uganda, United Kingdom, United | United States, Uruguay

States, Uruguay

S4.2 More on the Civil War Application

The replication data of Fearon and Laitin (2003) can be downloaded from Fearon’s personal web page.’
The data span from 1945-1998.% but the panel is highly unbalanced. Following Collier and Hoeffler (2004),
Djankov and Reynal-Querol (2010) and Blattman and Miguel (2010), we choose 1960 as the staring year to
generate a balanced panel of N = 38, as many countries’ civil war incidence are always 0 or 1 between 1960
and 1998.

In the regression, the dependent variable is the civil war incidence, and the explanatory variables are the
lagged civil war incidence, the one-period difference of log GDP per capita and the one-period difference of log
population. Moreover, in views of the natural scaling of the binary variable, we keep the original dependent
variable and the lagged dependent variable. For the other two continuously distributed variables, we follow
the practice as in the savings rate application to scale-normalize each time series by the individual sample
standard deviation. To ensure that the estimated coefficients are comparable, we further multiply these two
scale-normalized variables by the overall standard deviation of the lagged dependent variable so that all the
explanatory regressors are of the same scale. Furthermore, the Probit regressions for the individual time
series are unstable in those countries with only 1 or 2 incidences. Therefore the C-Lasso initial values are
set as the pooled FE Probit coefficient estimates.

The summary statistics are displayed in Table S6. Membership is reported under “high-occurrence” and

Shttps://www.stanford.edu/group/fearon-research/cgi-bin/wordpress/wp-content/uploads/2013/10/apsr03repdata.zip
6The original data end at 1999, but no population information is provided for any country in the last year.
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Table S6: Summary statistics for the civil war dataset

mean median s.e. min max

Civil war incidence 0.352 0 0.478 0 1
GDP per capita growth  0.020 0.024 0.040 -0.811 0.306
Population growth 0.012 0.015 0.076  -0.507 0.661

“low-occurrence” groups with results as follows.

High-occurrence group (23 countries): Guatemala, Peru, Argentina, Mali, Senegal, Chad, Congo (Dem.),
Congo (Rep.), Somalia, Morocco, Sudan, Turkey, Iraq, Lebanon, Afghanistan, China, Pakistan, Sri
Lanka, Nepal, Cambodia, Laos, Philippines, Indonesia

Low-occurrence group (15 countries): Haiti, Dominican, El Salvador, Nicaragua, UK, Yugoslavia, Cyprus,
Russia, Liberia, Nigeria, Central African Republic, Ethiopia, South Africa, Iran, Jordan

S4.3 Linear Dynamic Modeling of Democracy

In this section, we use the data provided by Bonhomme and Manresa (2015) to revisit the link between income
growth and democracy across countries. Following BM’s Equation (22), we specify a linear dynamic model,
where the dependent variable is a country’s democracy index (measured by Freedom House indicator between
0 (the lowest) and 1 (the highest)), and the explanatory variables are the first-order lagged democracy index
and the income (measured by the logarithm of GDP per capita).

The dataset contains a balanced panel of 84 countries and 8 periods at a five year interval over 1965-2000.
We use PLS to estimate the model in this short panel. Many developed countries, such as the United States
or United Kingdom, kept their democracy index at the highest level throughout the time. Due to the lack of
within-group variation in these countries, we scale normalize each variable by its pooled standard deviation.
This standardization makes sure that the parameter y;;—; can still be interpreted as the autoregressive
coefficient, and the magnitude is comparable with the income coefficient.

Table S7: Summary statistics for the democracy dataset

mean  median s.e. min max
Democracy index 0.5760 0.6667  0.3712 0 1
GDP per capita (in logarithm) 8.2981  8.3039  1.0685 6.0937  10.4450

Following practice in the simulation, the IC with p;nyr = %(NT)_l/2 picks out K =3 and ¢y, = 1.20 in
all combinations of K =1,...,5 and ¢y, in a geometrically increasing sequence of 10 points in (0.2,...,2).
Under K = 3 and ¢y, = 1.20, C-Lasso categorizes the 84 countries into the following groups:

Group 1 (30 countries): Belgium, Bolivia, Brazil, Canada, Dominican, Ecuador, El Salvador, Finland,
Guatemala, Guinea, Iceland, Indonesia, Italy, Japan, Jordan, Luxembourg, Mali, Morocco, Nepal,
Panama, Peru, Philippines, Portugal, Romania, South Africa, Thailand, Turkey, United Kingdom,
Uruguay, Venezuela

Group 2 (36 countries): Algeria, Argentina, Australia, Austria, Barbados, Burkina Faso, Burundi, Cameroon,
Chile, China, Colombia, Costa Rica, Cote d’'Ivoire, Denmark, Egypt, France, Gabon, Ghana, Greece,
India, Iran, Israel, Jamaica, Kenya, Malawi, Malaysia, Mexico, Nigeria, Norway, Paraguay, Rwanda,
Spain, Sweden, Togo, Trinidad and Tobago, United States
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Group 3 (18 countries): Benin, Chad, Congo (Rep.), Honduras, Ireland, Korea (Rep.), Madagascar,
Netherlands, New Zealand, Nicaragua, Niger, Sri Lanka, Switzerland, Syrian, Tanzania, Tunisia,
Uganda, Zambia

The post-Lasso and pooled FE estimates are shown in Table S8. We focus on the coefficient for income.
The common FE coefficient is positive and significant. The positive effect is echoed by Groups 1 and 2, but
contrasts with Group 3, which consists mainly of low-income and low-democracy nations combined with a
few selected OECD countries. OECD countries such as Ireland, Netherlands, New Zealand and Switzerland
maintained their democracy index at 1 throughout the sample period. The lack of variation in the dependent
variable makes them uninformative about the income coefficient.

Table S8: PLS estimation results

Pooled FE PLS
Group 1 Group 2 Group 3
coef. s.e. coef. s.e. coef. s.e. coef. s.e.
Lagged democracy  0.4993***  0.0491 0.5141*** 0.0643 0.0954 0.0733  —0.0543 0.0521
Income 0.2552"**  0.0489 0.6545™**  0.0930 0.1550*** 0.0448 —0.5542***  0.0860

Note: ***1% significant, ** 5% significant, * 10% significant
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