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1 INTRODUCTION

Many countries have adopted monetary and fiscal policy arrangements that erect firm walls
between the two policy authorities. There are good practical reasons for this separation:
historically, high- or hyperinflation episodes have sprung from governments pressuring central
banks to finance spending by printing high-powered money. Economic theory does not
uniformly support the complete separation. If inflation is costless, as in neoclassical models
with flexible wages and prices, then Chari and Kehoe (1999) show that an optimal policy
generates jumps in inflation that revalue nominal government debt without requiring changes
in distorting tax rates, much as inflation behaves under the fiscal theory of the price level
[Leeper (1991), Sims (1994), Woodford (1995)].

Schmitt-Grohé and Uribe (2004) and Siu (2004) overturn this role for inflation with
the striking result that even a modicum of price stickiness makes the optimal volatility of
inflation close to zero, an outcome later confirmed by Kirsanova and Wren-Lewis (2012),
among others. Out of this optimal policy literature has emerged the “current consensus
assignment” for monetary and fiscal policy, which Kirsanova et al. (2009) articulate: give
monetary policy the task of controlling demand and inflation and fiscal policy the job of
stabilizing debt. Actual policy arrangements in most countries are consistent with this
literature’s conclusions.

Sims (2001, 2013) questions whether the consensus assignment is robust when govern-
ments issue long-term nominal bonds. He lays out a theoretical argument for using nominal
debt—and surprise revaluations of that debt—as a cushion against fiscal shocks to substitute
for large movements in distorting taxes. Turning to data, Sims calculates that in the United
States surprise gains and losses on debt due to inflation are on the order of 6 percent of the
value of outstanding debt, roughly the magnitude of fluctuations in primary surpluses. Sims
(2013) stops short of claiming that the significant responses of inflation to fiscal disturbances,
which long debt permits, is optimal policy.

This paper explores that claim. In particular, we extend Sims’s reasoning to the canonical
new Keynesian model that Benigno and Woodford (2004, 2007) examine. The steady state
is distorted by monopolistically competitive firms and nominal rigidities prevent firms from
choosing new prices each period. A distorting tax is levied against firms’ sales. Total fac-
tor productivity, wage markups, government purchases of goods, and lump-sum government
transfers fluctuate exogenously. Government issues nominal debt whose average duration is
indexed by a single parameter. Monetary and tax policies are chosen optimally to maximize

welfare of the representative household. Optimal policies and the nature of resulting equilib-



ria depend on both the maturity structure and the level of government debt.! We contrast
welfare in this model to an alternative setup in which monetary policy is optimal, lump-sum
taxes may be adjusted to ensure the government’s solvency condition never binds, but the
distorting tax rate varies exogenously.

In the presence of distorting taxes, nominal rigidities, and long-term nominal government
debt, we show that policy faces a fundamental conflict: stabilize inflation and allow output
to fluctuate to accommodate fiscal needs versus stabilize output and use inflation to revalue
debt to ensure government solvency. This conflict means that the first-best outcome—
inflation and the output gap are perfectly smoothed and stabilized—is generally inconsistent
with government solvency, so it is unattainable. The core of our analysis focuses on how
the average maturity of government nominal bond affects the optimal equilibrium and the
consequent distribution between inflation stabilization and output stabilization.

Two equations summarize equilibria under optimal monetary and fiscal policies. Let p
index the average debt duration of the government’s bond portfolio, where p = 0 makes all
debt one-period and p = 1 makes all debt consols. Equilibrium k-step-ahead expectations
of inflation, 7, and the output gap, z, the two arguments of the government’s loss function,

are

Byt = p" + plax(Li — Li,)
Edpp = "2 + (1 — pM)a, L

where L? is the Lagrange multiplier associated with government solvency and o, and «, are
positive and functions of deep parameters.

These equilibrium expressions neatly encapsulate the policy problem. The first terms on
the right stem from the welfare improvements that arise from smoothing. That both terms
involve p* means that longer maturity debt helps to smooth both inflation and output. The
second terms bring in the government solvency dimension of optimal policy through the
Lagrange multipliers. Now maturity has opposite effects on the two variables. As maturity
extends, changes in the state of government solvency are permitted to affect future inflation
more strongly, whereas the output gap becomes less responsive.

One-period debt, p = 0, underlies the work behind the consensus assignment. Optimal
policy makes the price level a martingale—perfectly smoothes it—and forces the output gap
to absorb disturbances. Following a disturbance at ¢, the price level is expected to remain

unchanged (expected inflation is zero), while the output gap is expected to move to a new

In a learning environment, Eusepi and Preston (2012) find that maturity structure and level of govern-
ment debt have important consequences for stability.



level permanently. When nominal government bonds are perpetuities, optimal outcomes
are starkly different. The output gap is a martingale and inflation adjusts permanently to
exogenous shocks.

Intermediate maturities bring out the tradeoff between the smoothing and solvency as-
pects of optimal policy because both are operative. We explore this tradeoff in a variety of
ways below. For any maturities short of perpetuities, 0 < p < 1, as the forecast horizon
extends, k — oo, expected inflation converges to zero whereas the expected output gap
converges to a,L?. In these cases, inflation is well anchored on zero, but the output gap’s
“anchor” varies with the state at t.

Key findings include: (1) there is always a role for current and future inflation innovations
to revalue government debt, reducing reliance on distorting taxes; (2) the role of inflation
in optimal fiscal financing increases with the average maturity of government debt; (3)
as average maturity rises, it is optimal to tradeoff inflation for output stabilization; (4)
inflation is relatively more important as a fiscal shock absorber in high-debt than in low-
debt economies; (5) in some calibrations that are relevant to U.S. data, welfare under the
fully optimal monetary and fiscal policies can be made equivalent to the welfare under the
conventional optimal monetary policy with passively adjusting lump-sum taxes by extending
the average maturity of bond.

Our analysis is built on two strands of literature. First, following the neoclassical lit-
erature on optimal taxation, when the government can only access to distortionary taxes,
variations in tax rates generate dead-weight losses [Barro (1979)]. Maximization of welfare
calls for smoothing tax rates and relying on the variations in real value of government debt
to hedge against a fiscal shock. This is possible only when (i) the government can issue
state-contingent bonds [Lucas and Stokey (1983), Chari et al. (1994)], or (ii) the government
issues nominal bonds, but unexpected variations in inflation replicate state-contingent bonds
[Bohn (1990) and Chari and Kehoe (1999)]. However, this work abstracts from monetary
considerations by assuming flexible prices.

Another strand, the new Keynesian literature on optimal monetary policy, emphasizes
that when prices are sticky, variation in aggregate price levels creates price dispersion that
is an important source of welfare loss. A benevolent government minimizes price volatility.
However, this strand tends to abstract from fiscal considerations by assuming non-distorting
sources of revenue that maintain government solvency [Clarida et al. (1999a) and Woodford
(2003)].

Our paper contributes to the literature by bringing the role of long-term nominal bond
into the joint determination of monetary and fiscal policy. In particular, we are the first to

consider how the long-term nominal bond affects optimal policy mix in a setting where price



stability and fiscal financing smoothness are both in effect. We extend Sims (2013) which
only considers ad hoc welfare functions and the extreme case of consol debt. This rich setting
allows us to derive several novel findings. Specifically, we show that allowing adjustments in
current & future price levels to revalue debt is generally part of an optimal policy and the
role of inflation as a fiscal cushion increases with average maturity of debt. This finding has
practical implications given the current fiscal and monetary situation.

We also connect to studies that focus on long-term bonds. Angeletos (2002) and Buera
and Nicolini (2004) examine the optimal maturity structure of public debt to find that
state-contingent debt can be constructed by non-contingent debt with different maturities.
However, they consider only the case where prices are perfectly flexible and the government
issues real debt. Therefore, they abstract from the monetary considerations. Woodford
(1998), Cochrane (2001) and Sims (2001, 2013) study nominal government debt to argue
that when outstanding government debt has long maturity, the government could finance
higher government spending with a little bit of inflation spread over the maturity of the debt,
effectively converting nominal debt into state-contingent real debt, as in Lucas and Stokey
(1983). Both Cochrane and Sims employ ad hoc welfare functions to illustrate their points, so
neither argues that revaluation of debt through inflation is a feature of a fully optimal policy.
More importantly, they both consider a constant or exogenous real interest rate, downplaying
the effects on real allocations of monetary and fiscal policies. Our contribution is to shed
further light on the effect of long-term bond, first, by showing that as average maturity rises,
it is optimal to tradeoff inflation for output stabilization; second, by showing the role of
long-term bond in output smoothing and third, by studying the welfare equivalence between
joint optimal policies and the conventional optimal monetary policy with passively adjusting
lump-sum taxes.

The paper is organized as follows. Section 2 introduces the model. Section 3 develops
the purely quadratic loss function and the linear constraints that prevent simultaneous sta-
bilization of inflation and output. Section 4 studies optimal equilibrium under flexible price
as a baseline. Section 5 characterizes the optimal equilibrium condition and joint optimal
policy mix under sticky price. Section 6 outlines our calibration. Section 7 discusses three
channels through which the average maturity of government debt affects optimal allocation.
Section 8 studies how long-term bond affects the trade-off between inflation and output gap
and the welfare. Section 9 studies the effect of different debt levels. Section 10 contrasts our

result with the conventional optimal monetary policy. Section 11 concludes.



2 MODEL

We employ a standard new Keynesian economy that consists of a representative household
with an infinite planning horizon, a collection of monopolistically competitive firms that
produce differentiated goods, and a government. A fiscal authority finances exogenous ex-
penditures with distorting taxes and debt and a monetary authority sets the short-term

nominal interest rate.

2.1 HoOUSEHOLDS The economy is populated by a continuum of identical households. Each

household has preferences defined over consumption, Cy, and hours worked, N;;. Preferences
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where o~ parameterizes the intertemporal elasticity of substitution, and ¢~! parametrizes

are

Ey Y B'U(Cy, Ny) = %Zﬁ
t=0

the Frisch elasticity of labor supply.

Consumption is a CES aggregator defined over a basket of goods of measure one and
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where Cj; represents the quantity of good j consumed by the household in period ¢. The

indexed by j

parameter € > 1 denotes the intratemporal elasticity of substitution across different varieties
of consumption goods.? Each good j is produced using a type of labor that is specific to
that industry, and Nj; denotes the quantity of labor supply of type j in period ¢. The
representative household supplies all types of labor.

The aggregate price index P; is

1 =
r=| [ pia
0

where Pj; is the nominal price of the final goods produced in industry j.

Households maximize expected utility subject to the budget constraint
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2 When € — oo, goods become perfect substitutes; when ¢ — 1, goods are neither substitutes nor
complements: an increase in the price of one good has no effect on demand for other goods.



where W, is the nominal wage rate in industry j, II;; is the share of profits paid by the
jth industry to the households, and Z; is lump-sum government transfer payments. BY
is a one-period government bond with nominal price Q7; BM is a long-term government
bond portfolio with price @M. The long-term bond portfolio is defined as perpetuities with
coupons that decay exponentially, as in Woodford (2001). A bond issued at date ¢ pays pF~1
dollars at date t + k, for k > 1 and p € [0, 1] is the coupon decay factor that parameterizes
the average maturity of the bond portfolio. A consol is the special case when p = 1 and
one-period bonds arise when p = 0. The duration of the long-term bond portfolio BM is
(1—6p)~"

Household optimization yields the first-order conditions

I/Vjt WUnlt
0 WwIhir 1
Pt ILLt Uc,t ( )
U P,
S c,t+1 t
= BE 2
Qt 6 ! Uc,t RH-I ( )
U, P,
QY = BB (14 pQ) (3)
Uc,t Pt-i-l

where p}" is an exogenous wage markup factor.®> Combining (2) and (3) yields the no-

arbitrage condition between one-period and long-term bonds

QY = E,Q7 (14 pQpy) (4)

2.2 FIrMS A continuum of monopolistically competitive firms produce differentiated goods.

Production of good j is given by
Y= AN gt

where A; is an exogenous aggregate technology shock, common across firms. Firm j faces
the demand schedule
P\ €
Y= |-~ Y,

With demand imperfectly price-elastic, each firm has some market power, leading to the
monopolistic competition distortion in the economy.

Another distortion stems from nominal rigidities. Prices are staggered, as in Calvo (1983),

3We follow Benigno and Woodford (2007) to include the time-varying exogenous wage markup in order
to include a “pure” cost-push effect.



with a fraction 1 — @ of firms permitted to choose a new price, P, each period, while the
remaining firms cannot adjust their prices. This pricing behavior implies the aggregate price

index

P= (1= 0) () + 0(Pa) ] (5)

Firms that can reset their price choose P} to maximize the expected sum of discounted

future profits by solving

max b Z eth,t-‘rk[(l - Tt+k)Pt*Yt+k\t - \I’t+k(Yt+k|t)]
k=0

subject to the demand schedule

P\
Yiikie = ( : ) Yivk
| Py
where Q¢4+ is the stochastic discount factor for the price at ¢ of one unit of composite

Uctrk Py
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rate 73, W, is cost function, and Y;, 4 is output in period ¢ + k for a firm that last reset its

consumption goods at ¢ + k, defined by Qyx = B* . Sales revenues are taxed at
price in period t.
The first-order condition for this maximization problem implies that the newly chosen

price in period ¢, P}, satisfies
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where K; and J; are aggregate variables that satisfy the recursive relations

AN :
K=l <Z> + BOE Kyt (7)
t
Jy=1—-1)U. Ve + ﬁgEtJt-Hﬂ'f;ll (8)

2.3 GOVERNMENT The government consists of a monetary and a fiscal authority who face
the consolidated budget constraint, expressed in real terms
(1+pQM)BY, QBN

P = 2 + S (9)




where S; is the real primary budget surplus defined as
St = Tth — Zt — Gt (10)

G, is government demand for the composite goods and Z; is government transfer payments.
We consider a fiscal regime in which both G; and Z; are exogenous processes and only 7
adjusts endogenously to ensure government solvency. This assumption breaks Ricardian
equivalence, so the government’s budget and the dynamics of public debt matter for welfare
and monetary policy can have important fiscal consequences.

An intertemporal equilibrium—or solvency—condition links the real market value of out-

standing government bonds to the expected present value of primary surpluses?

(1+pQ") B]tjtl = Ey Z Ry ik Stk (11)
k=0
where Ry = 8F % is the k-period real discount factor.

The left-hand side of (11) highlights a key role of long-term bonds. With only one-period
bonds, p = 0, the nominal value of outstanding government bonds, B, is predetermined,
so an unexpected change to the present value of primary surpluses must be absorbed entirely
by surprise inflation or deflation at time ¢. Long-term bonds, p > 0, imply that the nominal
value of government bond, (1+ pQM)BM | is no longer predetermined. Because the nominal

bond price QM, depends on expected future riskless short-term nominal interest rates®

0 k

P
Qr=Epy ——— (12)
oo tltl btk
solvency condition (11) may be written as

00 k M 00

P B,
1+ FEy E o ; P = E, E Ry 14 1Sitk (13)
k=0 tot+1---0t+k | t . k=0 )
current and future monetary policy current and future fiscal policy

Now an unexpected change to the present value of primary surpluses could be absorbed by
adjustments in current and future nominal interest rates, reducing the reliance on current

inflation.

4See Appendix A for the derivation of this condition.

5The riskless short-term nominal gross interest rate is defined by i; = [Qf ] 1. See Appendix A for the
derivation of condition (12).



Equilibrium condition (13) reflects a fundamental symmetry between monetary and fiscal
policies. The price level today must be consistent with expected future monetary and fiscal
policies, whether those policies are set optimally or not. Bond maturity matters: so long
as the average maturity exceeds one period, p > 0, expected future monetary policy in the
form of choices of the short-term nominal interest rate, 7,4, plays a role in determining the

current price level.

2.4 EQuILIBRIUM Market clearing in the goods market requires
Y, =Ci+ Gy (14)
and market clearing in labor market requires
Atl%“’ Y, = AN, (15)

where A; = fol(%)*e(lﬂ’)dj denotes the the measure of price dispersion across firms and

satisfies the recursive relation

e(1+¢)

} oA, (16)

1— 0t
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Price dispersion is the source of welfare losses from inflation variability.

3 FurLLy OPTIMAL PoLICY

In the fully optimal policy problem, government chooses functions for the tax rate, 7;, and
the short-term nominal interest rate, i;, taking exogenous processes for technology, A;, the
wage markup, )", government purchases, Gy, and transfers, Z;, as given. We derive how the
optimal policy and welfare vary with the average maturity of government debt, as indexed
by p. We consider the case of a steady state distorted by distortionary tax and monopolistic
competition and focus on optimal policy commitment, adopting Woodford’s (2003) “timeless

perspective.”

3.1 LINEAR-QUADRATIC APPROXIMATION We compute a linear-quadratic approxima-
tion to the nonlinear optimal solutions, using the methods that Benigno and Woodford
(2004) develop. This allows us to characterize the optimal policy responses to fluctuations
in the exogenous disturbance processes within a neighborhood of the steady state.

In this model, distorting taxes and monopolistic competition conspire to make the deter-

ministic steady state inefficient, so an ad hoc linear-quadratic representation of the problem
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does not yield an accurate approximation of the optimal policy.® Benigno and Woodford
(2004) show that a correct linear-quadratic approximation is still possible by properly uti-
lizing information from micro-foundations. Their approach computes a second-order ap-
proximation to the model’s structural equations and uses an appropriate linear combination
of those equations to eliminate the linear terms in the second-order approximation to the
welfare measure to obtain a purely quadratic expression.

We follow Benigno and Woodford’s micro-founded linear-quadratic approach for three
reasons. First, it allows us to obtain neat analytical solutions that help us to characterize
the properties of optimal policies and separate out the channels through which long-term
bonds affect optimal allocation. Second, the framework nests conventional analyses of both
optimal inflation-smoothing and optimal tax-smoothing, providing an integrated approach
to the two literatures. Third, the quadratic welfare criterion is independent of policy, which
permits us to compare our results to alternative sub-optimal policies.

Welfare losses experienced by the representative household are, up to a second-order

approximation, proportional to”

1« ) A
§E0 Z ek (q7r7rt2 + Qxx?) (17)

t=0

where the relative weight on output stabilization depends on model parameters

ssto (T4 w)(1+w,) — s (1 +w, +w,)
ptslo (T =T+ (14 wy)(1+4¢)

Z; denotes the welfare-relevant output gap, defined as the deviation between Y, and its
efficient level Yf, =Y — f/te. Efficient output, l?;e, depends on the four fundamental
shocks and is given by Y¢ = qa A, + qaGi + 422, + qwpl¥ ® w, = (Z + G)/S is steady-state

government outlays to surplus ratio, w, = 7/1—7, s. = C/Y is the steady-state consumption

60ne convenient way to eliminate the inefficiency of steady state is to assume an employment subsidy
that offsets the distortion due to the market power of monopolistically-competitive price-setters or distorting
tax, so that the steady state with zero inflation involves an efficient level of output. We instead consider a
more realistic case, where such employment subsidy is not available. See Kim and Kim (2003) and Woodford
(2011) for more discussions.

"See Appendices C-F for detailed derivations.

8Parameters g4, g, gz and gy are defined in appendix F.

11



to GDP ratio, and

(1=6)(1—86)s. o +¢
0 1+ep
L= (s7'0+ @) (1+w,) + 5. ow, —w, (1 +wy)

1
d=1-(1-7)°

€

Note that —Z—: = (1—®)M PN, so &, which measures the inefficiency of the steady state, de-
pends on the steady state tax rate, 7, and the elasticity of substitution between differentiated

goods, e.

3.2 LINEAR CONSTRAINTS Constraints on the optimization problem come from log-linear
approximations to the model equations. The first constraint comes from the aggregate supply

relation between current inflation and the output gap
’ﬁ't = BEt[ﬁ-t—&—l] + H(j?t + '@ZJ%t) + Ut (18)

where u; is a composite cost-push shock that depends on the four exogenous disturbances

1+<P P o Sg | A 5 1 AW
w=k|qga— ————| At wlgg — ————2| G+ Kaz Zi + K |qw + ——
! {QA <p+asgl] ! [qG o+osts.| ! NG w ©+os;t He
(19)

The exogenous disturbances generate cost-push effects through (19) because with a dis-
torted steady state, they generate a time-varying gap between the flexible-price equilibrium
level of output and the efficient level of output. If the steady state were not distorted, only
variations in wage markups would have cost-push effects. This is why wage markups are
regarded as “pure” cost-push disturbances.’

When 7; is exogenous, ky7; + u; prevents complete stabilization of inflation and the

welfare-relevant output gap. Iterating forward on (18) yields
e = Ey Zﬁkﬁfﬂrk + U,
k=0

where U, = E; Y ooy B¥(kp7y4k + uiyk) determines the degree to which stabilization of infla-

tion and output gap is not possible. This is the only source of trade-off between stabilization

9See Benigno and Woodford (2004) for detailed discussions.
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of inflation and output gap in conventional new Keynesian optimal monetary policy analyses
[for example, Gali (1991)].

When 7; is chosen optimally along with monetary policy, then 7; can be set to fully absorb
cost-push shocks, making simultaneous stabilization of inflation and the output gap possible.
Benigno and Woodford (2004) rewrite (18) as

Ty = BE[fe] + Ky + k(7 — 7)) (20)
where 7 = —ﬁut is the tax rate that offsets the cost-push shock. Expression (20) describes

the trade-off relation between inflation and output that fiscal policy faces because tax rates
can help stabilize output and inflation by offsetting variations in cost-push distortions.
A second constraint arises from the household’s Euler equation. After imposing market

clearing it may be written as

A

A A Sc [~ N
Ty = EyTi4q] — . (Zt - Et[ﬂ't+1]> + vy (21)
where the composite aggregate demand shock, vy, is

v =qalpa — 1) A+ (g6 — 89)(pa — 1) G+ az(pz — 1) Zi + qw(pw — 1) i)V (22)
NG ~ v N ~ J/ . ~ 7/ Ne—  —

VA vG vz mw

Alternatively, (21) can be written as

Se

~ A Sc ~ “ Sk
Ty = Et['rt+1] + ;Et['ﬂ-t+1] - ; <Zt — Zt) (23)

where i = v 1s the setting of the short-term nominal interest rate that exactly offsets
the composite demand-side shock.!® Expression (23) makes clear how monetary policy can
offset variations in demand-side distortions.

If (20) and (23) were the only constraints facing policy makers, it would be possible to
choose monetary and tax policies to completely stabilize inflation and output. Policy could

achieve the first-best outcome, 7; = 2; = 0, by setting
7A't - 7A't* ’Zt = %I (24)

In the absence of any additional constraints on the policy problem, policy authorities who

are free to choose paths for the short-term nominal interest rate and tax rate can achieve

1ONote that 2 = ZE((G7 1 —07) — 8g (Giy1 — Gy)], giving it an interpretation as the efficient level of the
real interest rate.
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the unconstrained maximum of welfare. To achieve this first-best outcome, policy must have
access to a non-distorting source of revenues or state-contingent debt that can adjust to
ensure that the government’s solvency requirements do not impose additional restrictions on
achievable outcomes.

When non-distorting revenues are not available, the government can convert nominal
bonds into state-dependent real bonds. If the government issues nominal bonds with average

maturity indexed by p, fiscal solvency implies the additional constraint

wﬁ+ﬁ=6wﬂwl—mgﬁﬁdw+@+ﬁu—m@¥ (25)

where s; = S/Y is the steady-state surplus to output ratio and f; is a composite fiscal shock

that reflects all four exogenous disturbances to the government’s flow constraint

T A S T A S, T B T N
ﬂz—a—m—%m+u—m(i——%)@+u—m(———%)&—u—m—ww?
Sd S4  Sd S4  Sd Sq
\—,—/ \ P v NG ~ P (. ~ _
fa fa fz fw

(26)

In general, all disturbances have fiscal consequences through (25) and (26), because nondis-
torting taxes are not available to offset their impacts on the government’s budget.
Absence of arbitrage between short-term and long-term bonds delivers the fourth con-

straint on the optimal policy program
BPEQY, = Q) + 1, (27)

Iterating on (27) and applying a terminal condition yields

o

Qi\/l = —F, Z(ﬁp)k%tﬁ-k (28)

k=0

Defining the long-term interest rate i as the yield to maturity, i¥ = ﬁ — (1 —=p), we
t

obtain the term structure of interest rates

Eé\/l = 11__%035 Z(/@P)k%tﬂc (29)
k=0

When p = 0, all bonds are one period, if/l = ﬁ%t, the long-term interest rate at time ¢
is proportional to the current short-term interest rate, so any disturbance to the long rate

will also affect the current short rate. When p > 0, the long-term interest rate at time ¢

14



is determined by the whole path of future short-term interest rates, making intertemporal
smoothing possible. A disturbance to the long-term interest rate can be absorbed by adjust-
ing future short-term interest rates, with no change in the current short rate. By separating
current and future monetary policies, long bonds provide policy additional leverage.
Iterating forward on the government’s budget constraint (25) and imposing transversality

and the no-arbitrage condition (47), we obtain the intertemporal equilibrium condition

bt |+ F =7 + —xt +(1— Z r(Terk — Ton) + boZigr)
N—— e
fiscal stress
+ E; Z(Bp)’““(im - %:-Fk) (30)
k=0

J

~
due to long-term bonds

where b, = =, b, = = — Z and
Sd Sd Se
o0 7__ o0 R o0 /:*
F,=FE kz; B i = (1= B) B kz; 8%k + B kz;[ﬁ’““ — (Bp) igy (31)

The sum lA)t]\f 1+ F; summarizes the fiscal stress that prevents complete stabilization of inflation
and the welfare-relevant output gap. Given the definitions of 7* and *, F;} reflects fiscal stress
stemming from three conceptually distinct but related sources: the composite fiscal shock,
ft, the composite cost-push shock, u; (through 7;°), and the composite aggregate demand
shock, v; (through 4;).1!

Contrasting (30) to the one-period bond case in Benigno and Woodford (2004), the pres-
ence of long-term bonds gives a role to expectations of future monetary policies. Monetary
and fiscal policy can be coordinated so that households’ expectations about future policies
affect long-term interest rates to offset part of the overall fiscal stress in the economy.

With F, fluctuating exogenously, complete stabilization of inflation and output, 7, = &; =
0, which implies 7; = %t*,it = %f, will not generally satisfy (30) and the government would
be insolvent. The additional fiscal solvency constraint prevents the first-best allocation from
being achievable. Any feasible allocation involves a tension between stabilization of inflation

and output gap, so the optimal policy must balance this tension.

1 F, corresponds to the fiscal stress that Benigno and Woodford (2004) define, but here it is extended to
the case of long-term bonds.
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4 OpPTIMAL PoLicy ANALYTICS: FLEXIBLE PRICES

In this section we characterize optimal equilibrium and policy assignment for the special
case of completely flexible prices. This case serves as a baseline, since with flexible prices
the trade-off between inflation and output gap disappears. It also connects to earlier work
by Chari et al. (1996) and Chari and Kehoe (1999), except that they considered only real
government bonds, while we consider nominal bonds. Flexible prices emerge when 6 = 0,

which implies K = 0o and ¢, = 0. Costless inflation converts the loss function from (17) to
LB Bt (32)
2 0 ar xdt

and the optimal policy problem minimizes (32) subject to the sequence of constraints

T+ (7 —7) =0 (33)
~ Sc n Sk A Sc -~
Ty + ;(Zt —iy) — Ey[@p] - ;Et[ﬂtﬂ] =0 (34)

A~ R g . ° R ok R
b, + F, = fit i+ (1= ) By > B br(Frn — Fis) + buiga]

k=0
+ £y Z(ﬂp)kHGHk - 'Z:Jrk) (35)
k=0

The optimal solution entails z; = 0 at all times, which can be achieved if fiscal policy follows
7. = 7, and monetary policy sets the short-term real interest rate as %t — B = %fg. In this
optimal policy assignment, fiscal policy stabilizes the output gap, monetary policy stabilizes
expected inflation and the maturity structure of debt determines the timing of inflation.

Equilibrium inflation satisfies

o0

oM, +F, =7, + E, Z(ﬂp)kﬁwk (36)
k=1

so increases in factors that prevent complete stabilization of the objectives ZA)% 1 + F;, raise
the expected present value of inflation. When p > 0, (36) implies that long-term bonds
allow the government to trade off inflation today for inflation in the future. The longer the
average maturity, the farther into the future inflation can be postponed. This conclusion is

reminiscent of Cochrane’s (2001) optimal inflation-smoothing result.
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When p = 0 and all bonds are one-period, (36) collapses to
E%l + Ft — 7?('15 (37)

and, as Benigno and Woodford (2007) emphasize, “optimal policy will involve highly volatile
inflation and extreme sensitivity of inflation to fiscal shocks.”

Flexible prices neglect the welfare costs of inflation. When prices are sticky and infla-
tion volatility is costly, the optimal allocation should balance variations in inflation against

variations in the output gap.

5 OPTIMAL PoLICY ANALYTICS: STICKY PRICES

In the case where prices are sticky, the optimization problem finds paths for {7, T4, 7, it 8{” , Qi” }

that minimize

1 - tra2 -2 _ Y=
§Eozﬁ [ﬂ't + )\mt]v A= q—ﬂ- (38)

subject to the sequence of constraints

71 = BEy(f1] + 63y + kO(T, — 777) (39)
Ty = EyfZea] + %Et[ﬁtﬂ] - %(%t — i) (40)
b, = G0+ (1= B) i+ 1) + 7+ B(1 = QY — f (41)
QM = BpEQL, — it (42)

Taking first-order conditions with respect to 7, Ty, i, 7, ZA),;M and Qi‘/[ , we obtain the fol-

lowing optimality conditions:

R - BT 1
Tt = mﬂ sd(Lb L?—1) - L? + BLg—l (43)
1
Niy= (7 = 1)(1— B)— Lb - ZL 4 5 (44)
Bl - p)L? — L{+pL{ ;=0 (45)
EL{, —L{ =0 (46)

where L? and L} are Lagrange multipliers corresponding to (41) and (42).The Lagrange mul-
tiplier to (39) is proportional to L? and the Lagrange multiplier to (40) is proportional to L{.

This allows us to substitue them out and express the optimal inflation and output gap merely
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by L! and L. We solve (39)—(46) for state-contingent paths of {7, &, 1, 7, bM, QM LI L}

L? measures the shadow cost of government budget resources. Note from (41), the only
control variable that appear to adjust the government budget resources is tax rate 7,. There-
fore, we could think of L? as a measurement of how binding the fiscal solvency constraint is
on the conduct of fiscal policy. L? follows a martingale according to (46), implying intertem-
poral smoothing in fiscal financing. The extent of such smoothing, however, depends on the
property of bonds market. Usually with nominal bond, the bond price Qi” could behave as
a nominal buffer to facilitate fiscal financing. Qi” is determined by the whole path of current

and future short-term interest rates, by iterating (42),

o0

in = —i, — E, Z(ﬁﬂ)kgwk (47)

k=1

Therefore, by allowing Qi” to hedge against fiscal shock, the fiscal solvency condition
imposes constraint on current and future monetary policies. How much stress is transmitted
to current interest rate 7; and how much stress is transmitted to future interest rates %t+k
is determined by the average maturity p. If p = 0, Qi” = —i,, the fiscal hedging stress on
Qi” is fully transmitted to current interest rate, therefore current monetary policy is most
constrained by fiscal solvency. If p > 0, Qi” also depends on future short-term interest
rates. The fiscal hedging stress on Qi‘/f can be absorbed by future short-term interest rates,
reducing changes in the current short rate, in this way, current monetary policy is much less
constrained. Therefore, L{ measures how tightly the current interest rate i is constrained by
fiscal solvency condition. L{ is determined by the the entire history of L? , and the degree

of history dependence rises with the average maturity of government debt,
Li=B8(1—p) > oLl (48)
k=0

If p =0, LY = BLY, eliminating the history dependence. This is because QM = —i,, if
nominal asset is used as fiscal hedging, then it must be the case that the disturbance at
time t is fully absorbed by interest rate at time t, no intertemporal smoothing is available.
Monetary policy is almost as constrained by fiscal solvency as fiscal policy itself is.!? In
the opposite extreme, consols make p = 1, so L{ = 0. Current monetary policy is not
constrained, regardless of how binding the government’s budget has been in the past, as long

as future monetary policies are expected to adjust appropriately.'® From this perspective,

12This is precisely the exercise that finds the combination of active monetary/passive fiscal policies yields
highest welfare [Schmitt-Grohé and Uribe (2007) and Kirsanova and Wren-Lewis (2012)].
13Sims (2013) limits attention to this case.
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the role of long-term bond is to relax current monetary policy from fiscal stress by involving
more commitment to future monetary policies. Debt maturity introduces a fresh role for
expected monetary policy choices by allowing those expectations to help ensure government
solvency.!

We examine some special cases that allow us to characterize the optimal equilibrium and

the consequent stabilization role of fiscal and monetary policy analytically.

5.1 ONLY ONE-PERIOD BONDS Suppose the government issues only one-period bonds,
rolled over every period. Then p = 0 and (48) and (29) reduce to
L{ = BL; (49)

A 1 .
iM = . —6% (50)

Long-term and short-term interest rates are identical, so L? and L] covary perfectly. In

this case, the expressions for inflation, (43), and the output gap, (44), become

R [CE 51
o= -y -9 -s2 e Lt (52

Condition (51) implies that inflation is proportional to the forecast error in L?.'® Because
(46) requires there are no forecastable variations in LY, the expectation of inflation is zero,

implying perfect smoothing of the price level
Emaa=0 = Ep1=1D (53)

Condition (52) makes the output gap a weighted average of L? and L? ;. Taking expec-
tations yields
. o
/\(Et$t+1 - l"t) = S_(LSZ - L?—l) (54)

(&
so the expected change in the output gap next period is proportional to the surprise in the
multiplier on government solvency today. The optimal degree of output-gap smoothing varies
with A, the weight on output in the loss function. The bigger is A, the more smoothing of

the output gap. Flexible prices are a special case with A = oo and perfect smoothing of the

14The new Keynesian literature emphasizes the role of expected monetary policy via its influence of the
entire future path of ex-ante real interest rates that enter the Euler equation, (21). The role we are discussing
for expected monetary policy is in addition to this conventional role.

5First-order condition (46) makes E;L? ; = LY, so the surprise is LY, ; — B, LY, | = ALY, ,.
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output gap. Under most calibrations, A is quite small, implying little smoothing of output.
But the martingale property of L? implies smoothing of expected future output gaps after a

one-time jump. Taking expectations of (54) yields
'i.t 7é Et'i.t-i—l - Et'fjt-i-? = ... = Et:%t-i-k’ = ... (55)

Taken together, (53) and (55) imply that with only one-period bonds, optimal policies
smooth the price level, while using fluctuations in the output gap to absorb innovations in
fiscal conditions. The reason is apparent: with no long-term bonds, policy cannot smooth
inflation in the future and surprise inflation—and the resulting price dispersion—is far more
costly that variations in the output gap; it is optimal to minimize inflation variability and
use output as a shock absorber.

In this equilibrium, monetary and fiscal policies follow the rules

1

7A_t _ 7A_t* — @(ﬁ—t —_— K,i't) (56)
2
“ An* g SC A~
L — 1 = —)\f_ﬁ/—7>1ﬂ't (57)
(o t+D

so monetary policy pins down inflation by offsetting variations in demand-side disturbances
and fiscal policy stabilizes the output gap by responding to monetary policy and cost-push

disturbances.

5.2 ONLY CONSOLS Suppose the government issues only consols. With p = 1, (48) and
(29) reduce to

Li=L{,= (58)
k=0

In the case of consols, the long-term interest rate is determined by the entire path of
future short-term interest rates. Fiscal stress that moves long rates need not change short
rates contemporaneous, so long as the expected path of short rates satisfies (59). Inflation
and output are now

~ L=BT oy b b
Ty = — "ﬂb S_d (Lt - Lt—l) - Lt (60)

o= (0t — 1) (1- ) S%L‘; (61)
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Combining (60) and (61) yields

R A . . A )
Wt+/‘ﬁ(1——¢)(xt_xt_1)+(w71—1)(1—5)£xt:0 (62)

an expression that generalizes the “flexible target criterion” found in conventional optimal
monetary policy exercises in new Keynesian models.'6
Condition (61) makes the output gap proportional to L2. The martingale property of L

makes the output gap also a martingale, so the gap is perfectly smoothed
Eti'H»l - it (63)

Taking expectations of (60) and combining with (61), we have

A
A1 =)

Etﬁ't+1 — T = (i’t - i’tfl) (64)

Condition (64) implies that the expected change in the inflation next period is propor-
tional to the forecasting error of ;. The degree of inflation smoothing changes inversely
with A\, the weight on output in the loss function, while the degree of inflation smoothing
varies proportionally with x, the slope of the Phillips curve.

Combining (63) and (64), we draw opposite conclusions about the assignment between
inflation and output gap to the case of only one-period bonds. With only consols, intertem-
poral smoothing in the shadow price of the government budget constraint, L?, smoothes the
output gap, relying on fluctuations in inflation to absorb innovations in fiscal conditions. To

understand this, refer to the government solvency condition
8%1 + BPQSJ —m=(1-pB)E Z 5k(ft,t+k + Si4) (65)
k=0

where 7, is the log-linearized real discount rate. Consols introduce the possibility that
the bond price wa can behave as a fiscal shock absorber: bad news about future surpluses
can reduce the value of outstanding bonds, leaving the real discount rate unaffected. A con-
stant real discount rate smoothes the output gap, which explains the absence of forecastable
variations in the output gap. Variations in the bond price Qi‘/f correspond to adjustments in

future inflation. The longer the duration of debt—higher p—the less is the required change

6Notice that as 1) — 0, which occurs as the steady state distorting tax rate approaches 0, L? — 0 and
(62) approaches the conventional flexible target criterion with lump-sum taxes 7t + 2 (2, —24_1) = 0 so that
the optimal inflation rate should vary with both the the rate of change in the output gap and the level of
the gap [see Woodford (2011) and references therein).
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in bond prices and future inflation for a given change in the present-value of surpluses. Al-
though with consols it is optimal to allow surprise inflation and deflation to absorb shocks,

the expectation of inflation is stabilized after a one-time jump
ﬁt 7£ Et’]AﬂH_l - Et’]ATIH_Q - ... = Etﬁ-t-i-k - ... (66)

Optimal monetary and fiscal policy obey

e 1. . .
Tt — Ty = w(ﬁt — BE T — /%”t) (67)
A

B Y T (T 2

Ty (68)

Monetary policy pins down expected inflation, but not actual inflation. Expected inflation
determines how much fiscal stress is absorbed through changes in long-term bond prices
and with more adjustment occurring through inflation, the output gap is better stabilized.
Fiscal policy determines inflation by responding to monetary policy and cost-push side dis-

turbances.

5.3 GENERAL CASE We briefly consider intermediate value for the average duration of
debt, 0 < p < 1. Rewrite (43) and (44) using the lag-operator notation, L/z; = x;_;

Y I PR (69)
Ao = (67 = 1)1 - 9) Lt - P4 o)1 - BL(1 - L)L (70)

The optimality condition for debt that requires L% to be a martingale may be written as
(1-B)E, 1L} =0 (71)

where B is the backshift operator, defined as BV E,&; = E;&4 ;.
Taking expectations of (69) and (70), and applying (71), we obtain a general relation

1-57

Bitvie= gy +p' = = (L= L) k> (72)
smoothing dv ~
absorbing shock
~ o k A k 1— 6 b‘r b
EZyp= p'% +(1—p )T(E —b)Ly, k>1 (73)

J/

smoothing ~~
absorbing shock
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Equations (72) and (73) are important to understand the effects of maturity structure on
the formation of expectations. Two opposite intentions — smoothing to increase welfare and
fluctuating to absorb shocks — both appear in determination of dynamics. The resulting evo-
lution of inflation and output gap depends on how much weight being put on each intention.
The weight is generally time-varying and determined by p* (only p = 0 or 1 makes p* not
time-varying). For inflation, both weights on smoothing and shock absorbing are given by
p*, which is increasing in p and decreasing in k. Therefore, as the average maturity of debt
rises, inflation is expected to be more smoothed and more responsive to exogenous shocks.
However, this effect decays as time grows. In the time limit, expectation of future inflation
will converge to zero, limy_,o, Fym i = 0. For output, the weight on smoothing is given by
p*. and the weight on shock absorbing is given by 1 — p¥. Therefore, as the average maturity
of debt rises, output gap is expected to be more smoothed and less responsive to exogenous
shocks. The time also matters. Given the average maturity, the further the period (the
bigger the k), the less smoothing and more responsive to the exogenous shocks. In the limit,
expectation of output gap will converge to a constant level, limy o, Fiziy = %i[z?, a

permanent deviation.

6 CALIBRATION

We turn to numerical results from the model calibrated to U.S. data in order to focus on a
set of implications that may apply to an actual economy.

Table 1 reports a calibration to U.S. time series. We take the model’s frequency to be
quarterly and adopt some parameter values from Benigno and Woodford (2004), including
B =0.99, § = 0.66 and ¢ = 10; we set ¢ = ¢ = 0.5, implying a Frisch elasticity and an
intertemporal elasticity of substitution of 2.0, both reasonable empirical values. Quarterly
U.S. data from 1948Q1 to 2013Q1 underlie the values of s;, s4, s, and are used to estimate
autoregressive processes for Ay, Gy, 7y, Z; shocks.!” Following Gali et al. (2007), the wage
markup shock is calibrated as an AR(1) process with persistence of 0.95 and standard de-
viation of 0.054. Table 1’s calibration makes the relative weight on output-gap stabilization
equal to A = 0.0033, slightly higher than the value used in Benigno and Woodford (2007)
(A =0.0024).18

17 Appendix H provides details.
18Benigno and Woodford’s calibration of ¢ = 0.16 largely explains the difference in the values of \.
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parameter definition value
15} discount rate 0.99
o the inverse of intertemporal elasticity of substitution 0.50
% the inverse of Frisch elasticity of labor supply 0.50
0 the fraction of firms cannot adjust their prices 0.66
€ intratemporal elasticity of substitution across consumption goods 10
Se steady state consumption to gdp ratio 0.87
S, steady state government transfer payment to gdp ratio 0.09
Sq steady state government spending-gdp ratio 0.13
Sp steady state debt-gdp ratio 0.49 x 4
T steady state tax rate 0.24
Pa autoregressive coefficient of tech shock 0.786
Pg autoregressive coefficient of government spending shock 0.886
Pr autoregressive coefficient of tax rate shock 0.782
o autoregressive coefficient of transfer payment shock 0.56
Pw autoregressive coefficient of wage markup shock 0.95
ol standard deviation of innovation to tech shock 0.008
o standard deviation of innovation to government spending shock 0.027
o7 standard deviation of innovation to tax rate shock 0.029
o’ standard deviation of innovation to transfer payment shock 0.047
ol standard deviation of innovation to wage markup shock 0.054

Table 1: Calibration to U.S. Data
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7 SEPARATING THE IMPACTS OF MATURITY

To fully understand the impacts of debt maturity on the tradeoffs between inflation and
output stabilization, we rewrite the government intertemporal equilibrium condition (30) in

terms of only inflation and the output gap

7 ~ bT ~ > ~

by + Fy =+ (1= )7 + By Z(Bp)kﬂ—t—kk
N ,ﬂl] k=1

surprise‘;nﬂation > d

~
future inflation

1 00 A [e9) o )
—(1- B)bT(E - 1)E, kz:; Bk — By ;[(1 - B)8" - (1 - 50)(5P)k]s—c($t+k — &)
h future‘gutput real int;est rate

(74)

Given the fiscal stress, l;% L + Fi, (74) completely summarizes feasible paths of current
and expected inflation and output gaps. To absorb exogenous disturbances to Fj, some
combination of paths of inflation and output must adjust. This equation underscores the
inherent symmetry between monetary and fiscal policy: interactions between the two policies
determine the reliance on variations in output gaps versus inflation rates.

Average duration of government bonds affects the optimal equilibrium through three
channels. First, it affects overall fiscal stress, Fj, given the processes of exogenous distur-
bances. Second, it affects the allocation of inflation rates over time. Third, it affects real

allocations through changing real discount rates.

7.1 p’s IMPACT ON F; Fj, a composite measure of fiscal stress, summarizes the factors in
our model that prevent complete stabilization of inflation and the welfare-relevant output

gap. F; may be expressed in terms of the four fundamental shocks

Fy = FaA, + FoGy + Fz 2, + Fwiil” (75)
where
_ 71 o .o
Fac: (1_Bpx) l[fx+(1_ﬁ)__ux+/3_v$]_ﬁp(l_ﬁppm> l_vz’ JI:A,G, Z,W
Sq KY Se Se
(76)

The average maturity of bonds affects the amount of fiscal stress imposed on equilibrium
through the weights attached to each fundamental shock. Figure 1 plots the feedback coef-

ficients for each of the fundamental shocks, as defined in (75). F)4 is negative for all average
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bond durations, while Fyg, Fz, Fyy are positive. A positive innovation to technology helps
relieve fiscal stress by raising tax revenues, improving the tension between inflation and the
output gap. Positive innovations to wage markups, government spending or transfer pay-
ments, in contrast, aggravate fiscal stress and make it more difficult to stabilize inflation and
the output gap contemporaneously. The impacts of technology, wage markups and govern-
ment spending shocks abate as the average maturity of bonds grows longer, while the impact
of government transfers becomes stronger with longer-term bonds. In all case, though, the
effects of the average maturity of bonds arise mainly when maturity extends from short-
term (1 quarter) to medium-term (5 years); extending beyond 5 years does little. Finally,
the impact of each fundamental shock on fiscal stress is ranked |Fy/| > |Fa| > |Fg| > |Fz|.
Wage markups and technology shocks affect F; more strongly than do government spending
and transfers shocks. The complicated heterogeneity among different shocks in affecting
the overall fiscal stress makes some of our results sensitive to the calibration of the four

fundamental shocks.
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Figure 1: The mapping from fundamental shocks A, (technology), i}V (wage markup), G,
(government purchases), Z; (government transfers) to fiscal stress, Fy, in (75).

We turn now to study how the changes in average maturity of government bonds affects
the tradeoff between stabilizing inflation and output gap. To distinguish the average maturity
structure’s impact on inflation and output gap, we consider two polar sub-optimal cases: 1)

complete stabilization of the output gap, depending only on inflation as a shock absorber
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and ii) complete stabilization of inflation, using only the output gap as a shock absorber.

7.2 INFLATION SMOOTHING Complete output stabilization sets z; = 0 for all ¢ > 0 and
uses current and future inflation to fully absorb innovations to b, + F,. This polar case
eliminates the effect of maturity on tax smoothing and to focus on how alternative maturity

structures dynamically allocate inflation. Constraint (74) becomes

. R b, . > X
5%1 + F, =7+ (1 — ﬁ)wﬂt + L ;(@P)kﬂtﬂc (77)

g g v}

surprise inflation bon d‘,prices

The term (1 -4 )g—;ﬁt stems from the effects of distorting taxes on inflation at time ¢. Recall

that the Phillips curve

o= E Y B lkBron + 50 (Froe — )]
k=0
implies that increasing future tax rates decreases the path of output or increases current
inflation. When output is fully stabilized, inflation must rise. This inflationary effect of fiscal
policy is absent from Cochrane (2001) and Sims (2013) and arises here from distortionary
taxes.

Consider the following optimal inflation-smoothing problem

ol o s
min éEogﬂtq,ﬂrf

st by + Fy = b+ E Y (Bp) T (78)
k=1

where b, =14 (1 — ﬁ)g—:b First order condition yields

7ATt = bﬂ)\t + (1 - bﬂ->p)\t,1 (79)
E i1 = pA (80)

where ); is the multiplier associated with the intertemporal solvency condition, and it is
known as the shadow price which measures the marginal change in the objective function
arising from an infinitesimal change in the constraint. Condition (80) implies that the shadow

price associated with fiscal stress is expected to decay at the rate of p.
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In our model, if we set b, = 0, eliminating the effects of distorting taxes in Phillips curve,
then b, = 1, condition (78), (79) and (80) imply

= (1= Bp") (0 + F)
By = pm, k>1

Thus unexpected changes in the fiscal stress term must be accommodated entirely by surprise
variations in current and future inflation. The immediate response of inflation at time t is
increasing in the fiscal stress F; and decreasing in the average maturity p. The longer the
average maturity of government bonds, the smaller the immediate response of inflation.
Future inflations are expected to decay at the rate of p. When p = 1, perfect smoothing in
inflation Fy7ry,, = 74, as in Sims (2013).
In general, taking expectation of (79) and applying (80), we obtain
p.  byp—1

Bty = —my
bx

br

P’Aho1 and Bty = pEife, k>1

If p =0, we have Eymy, = 0 (k > 1), inflation is expected to remain at zero. If p = 1,

b’;);l)\t_l (k > 1), inflation is expected to deviate permanently by

br—1
br

period t+1 and then decay at rate of p afterwards. The immediate response of inflation at

we have Etﬁ-t-i-k = Zr_t +
T

PP Ai—1 at

a constant amount. If 0 < p < 1, inflation is expected to deviate by &7, +

period t is given by

~ 3
by + F — lfgpg b%_;l)\t—l (s1)

Ty = 5
bﬂ' + 1€gp26;1

Figure 2 plots responses of inflation to a unit innovation in fiscal stress, F;. With only
one-period bonds, inflation jumps immediately and then returns to zero, since intertemporal
smoothing of inflation is unavailable. With 5-year bonds, inflation reacts less aggressively
in the first period, and then gradually goes back to zero. The presence of long-term bonds
allows the government to tradeoff inflation today for inflation in the future. Finally, with
consols, the immediate response of inflation is the smallest, with future inflation permanently,

but only slightly, higher.'?

19This result differs slightly from Sims (2013), who finds complete smoothing of inflation with only consols.
Differences stem from Sims’s use of lump-sum taxes, which do not have the direct inflationary effects that
distortionary taxes produce.
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Figure 2: Inflation responses to a one unit innovation in fiscal stress

7.3 OUTPUT SMOOTHING Suppose now that 7; = 0 so that adjustments in current and

future output gaps must absorb innovations to I;tﬂf L + F;. Then (74) becomes

R bT e’} R o [e’e} X
by + F=—(1-B) (E - bm) By Aot (1= Bp)E Y (Bp)ine  (82)
k=0 ¢ k=0
tax r;\:enues bon(;;rice

Changes in output help to satisfy the solvency condition by directly affecting tax revenues
and by the impacts of output on real returns to the bond portfolio. These two parts produce
opposite effects. Consider an exogenous increase in fiscal stress. Relying on tax revenues to

fully offset this disturbance requires increasing the tax rate. But by the Phillips curve

o0
= I Z ﬁk[ﬂftﬂc + k(T — i)
k=0

when 7; = 0, a higher tax rate must reduce output. This is the negative effect in the first
term. Lower output generates a second effect by increasing real returns on long-term bonds.
This positive effect is captured by the second term. The second effect is usually omitted by
assuming a constant or exogenous real discount rate as in Cochrane (2001) and Sims (2013).
In our model, if we set o = 0, then utility is linear and the real rate is constant. This mutes
the second channel and we obtain a smoothing of the output gap E;Z;11 = #; as in Sims
(2013).
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Consider the following optimal output-gap smoothing problem:

1 00
min EEO Z ﬁtqw.@f
t=0

s.t. Bi\fl + Ft :mmEt Z(ﬁp)ki.t-i-k — nmEt Z Bkjjt_t'_k (83)
k=0 k=0
where m, = (1 — Bp)Z and n, = (1 — ﬁ)(% —b,). The first-order condition yields
Ty = my (e — pe—1) — nafie — pe—1) (84)
Ey(per — ) = p(pe — pre—1) (85)
(o1 — ppae) = pir — phiz—1 (86)

where i, is the multiplier associated with the intertemporal solvency condition (83). Condi-
tion (84) implies that the output gap can be expressed by two terms, the first term (g, — 1)
is expected to decay at rate of p according to (85) ; the second term (p; — ppe—1) is expected
to be perfectly smoothed according to (86). The dynamics of output gap depends on the
relative weight on each term — m, and n,. Note that m, is decreasing in p and n, is con-
stant, therefore, the longer the average maturity, the smaller weight on the decaying term,
the more smoothing in output gap. When o = 0, m, = 0, therefore output gap is perfectly
smoothed.

Furthermore, we can express the expectation of output gap as
By = T4 + mx(ﬁk — D) (pe — py—1), k>1

Therefore, the difference of output gaps between two periods #;y — &, (for any k > 1) is
expected to decay at rate of p. If p = 0, we have EyZy p = Ty — Slc(ut — 1) (k> 1),
output gap is expected to deviate permanently by a constant amount. If p = 1, we have
EZyy, = 2 (k> 1), output gap is expected to be perfectly smoothed out. The immediate
response of output gap at period t is given by

My + Fy — ot — pr—1)

jt = (1 _ l/Jfl)bT (87)

1P (2)? .
where ¢, = 5[({7_720 +(1=p)Z(W L —1)b.].

Figure 3 plots responses of output-gap to a unit innovation in fiscal stress, F;. With only

one-period bonds, the output gap first jumps by a large amount at time 0 and then drop
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Figure 3: Output responses to a one unit innovation in fiscal stress

to a constant level. With 5-year bonds, output drops in the first period and then gradually
converges to the same level as with one-period bonds. With consols, the output gap is

perfectly smoothed. Long-term bonds allow the government to smooth the output gap.

& OPTIMAL CHOICE BETWEEN INFLATION AND OUTPUT STABILIZATION

This section brings together inflation smoothing with output gap smoothing to examine
the joint determination of output and inflation in the presence of distortionary taxes and
sticky prices. With distortionary taxes, variations in tax rates lead to distortions in real
allocations and generates welfare loss; with sticky prices, unexpected variations in inflation
create distortions in the allocation of resources and reduces welfare. If there is a disturbance
to the government budget, monetary and fiscal policy face a tradeoff between stabilizing
inflation and stabilizing the output gap. Panel III in figure ?? plots the impulse responses
under the fully optimal solution to a unit increase in fiscal stress. Responses are much like
a combination of responses in panels I and II. Both inflation and output adjust to absorb
disturbances to F}.

The optimum problem minimizes the loss function

R . R
L=E ; B'(a-77 + qu37) (88)
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subject to the constraint given by (74)

o

oM, + F =7 + (1 — B)%ﬁt + B Y (Bp) R
k=1
- (1- 5)@(% “DEY B - By [(1-8)8" (1 - 50)(ﬁp)k]§(ft+k — &)
k=0 k=0 ¢

Solving this problem yields the optimal equilibrium paths of inflation and the output gap.
Defining L, = 1Ey> ;o) flq-n? and L, = 1Ey > 1o, B'¢ox}, we can decompose the loss

function into two parts
L=L,.+1L, (89)

where L, measures the welfare loss from fluctuations in inflation (expected present value of
welfare losses associated with inflation variability) and L, measures the welfare loss from
fluctuations in output (expected present value of welfare losses associated with output-gap
variation).? For each value of average maturity p, we compute the value of loss function L
and the optimal mix of L, and L,, which we plot in the upper panel of figure 4.

The left panel of figure 4 plots the value of objective loss L as a function of p. The loss
function is hump-shaped in p: when the average maturity increases from 1 to 2 quarters,
the objective loss L, expressed in terms of the equivalent permanent consumption decline,
increases by 1 percentage point; after 2 quarters, the loss L decreases monotonically in p. To
see why the loss function is hump-shaped, return to figure ?7. When the average maturity is
relatively short, the output gap tends to be volatile, increasing welfare losses. Our conclusion
is consistent with Eusepi and Preston (2012), who find that medium average maturity is most
harmful for stability.

In the right panel of figure 4, the present value of welfare losses for inflation variation, L,
is plotted along the horizontal axis and the losses from output fluctuations, L., is plotted
along the vertical axis. L = L, + L, represents negatively sloped isoloss lines. Isoloss lines
closer to the origin correspond to lower loss. The optimal mix of L, and L, is plotted as
shaded circles as p varies. For all maturities, L, is almost 10 times larger than L., implying
that inflation is better stabilized than is the output gap. Other dynamic patterns emerge.
As the average maturity of bonds moves from 1 to 2 quarters, both L, and L, increase,

consistent with the increase in the overall loss function. As average maturity moves from 2

20We define L, and L, using second moment of #; and #; intead of computing uncontional variance of
7, and 2, because with p > 0, Z; and 7; might have unit root, and the variances are time-varying. This is
analogous to Taylor’s (1979) policy tradeoff curves.
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Figure 4: Welfare losses—total and due to inflation and output variability—as a function of
average duration of government debt, expressed as percentages of steady state consumption

quarters toward consols, L, decreases and L, generally increases: stabilization of the output
gap becomes more desirable from a welfare perspective as the average maturity of debt
extends.

To shed light on the relative importance of inflation versus output variation as sources

Lz
L

maturities. When the average maturity is 1 quarter, L, accounts for 6.7% of overall loss while

of welfare losses, the lower panel of figure 4 plots the ratios == and % for different average

L, accounts for 93.3% of overall loss. As the average maturity gets longer, L, accounts for a
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larger fraction of the welfare losses. In the case of consols, L, accounts for 10% of overall loss
while L, accounts for 90%. There is a strictly increasing trend in depending on fluctuations
in inflation to hedge against exogenous shocks when average maturity of government debt

extends.

9 Fi1scAL FINANCING

Sims (2013) emphasizes the role of surprise inflation as a “fiscal cushion” that can reduce the
reliance on distorting sources of revenues. One way to quantify the fiscal cushion is to use
the government’s solvency condition to account for the sources of fiscal financing—including
current and future inflation—following an innovation in the present value of fiscal stress Fj.

The government solvency condition may be written as

[e.e]

7 ~ bT N N
b%l +E=m+(1-08)—m+E Z(ﬁp)kak
. G
surprise‘;nﬂation h g

WV
future inflation
00

(=B = DEY B — B Y I(1— B)8 — (1~ Bp)(B) ) (s — 1)

S
k=0 ¢

N

J/

Vo Ve
future output real interest rate

(90)

Fiscal financing underscores the inherent symmetry between monetary and fiscal policy:
interactions between the two policies determine the reliance on tax revenues, which decreases
output, versus current and future inflation.

Figure 5 plots the financing decomposition for one unit increase of fundamental shock as
a function of the average duration of government bonds for the calibration to U.S. data in
table 1. The pattern of this decomposition is robust in that it does not depend on the nature
of shocks. In figure 5 the vast majority of financing comes from a decrease in output. As the
average duration increases, p — 1, the importance of real interest rate adjustments dissipates.
In the new Keynesian model, real interest rates transmit immediately into movements in the
output gap, so at short durations, distortions in output are relatively big. As duration
rises, it is optimal to smooth output more, so real interest rate movements diminish. In the
limit, when p = 1, the present value of real interest rates is zero and it is optimal to make
E;z;,1 = 2, and rely instead on inflation as a fiscal cushion.

Sources of fiscal financing are particularly sensitive to the level of debt in the economy.

Figure 6 reports fiscal financing decompositions under three steady state debt-GDP levels:
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Fiscal Financing Decomposition
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Figure 5: Fraction of fiscal stress innovation financed by each of the four components (90),
as a function of average duration of government debt

the calibration to U.S. data (49 percent), “low debt” (20 percent), “high debt” (100 percent).
As the level of debt rises, the reliance on tax financing declines. With very short debt
duration, changes in real interest rates account for a substantial fraction of financing in
high-debt economies. Reliance on real rates declines rapidly as duration rises, with future
inflation becoming increasingly important. With long-duration debt, high-debt economies

would finance over 20 percent of a fiscal stress innovation with current and future inflation.

10 CONTRAST TO CONVENTIONAL OPTIMAL MONETARY POLICY

The conventional optimal monetary policy problem, as Woodford (2011) describes, typically
assumes a nondistorting source of revenue exists, so that stabilization policy abstracts from
fiscal policy distortions.?! To place the conventional optimal problem on an equal footing
with the fully optimal problem, we have the government optimally choose the interest rate
function, taking as given exogenous processes for technology, government spending, the dis-
torting tax rate and wage markup; lump-sum transfers (or taxes) adjust passively to ensure
the government’s solvency condition never binds. In the conventional problem, the maturity

structure of debt is irrelevant. In this section we contrast fully optimal policy to the con-

21Key earlier expositions of the conventional optimal monetary policy problem include Clarida et al.
(1999b) and Woodford (2003).
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Fiscal Financing Decomposition for Different Debt Levels
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Figure 6: Fraction of fiscal stress innovation financed by each of the four components (90),
as a function of average duration of government debt, for three steady state debt-output
ratios

ventional optimal monetary policy. In both cases, we examine the case of a distorted steady
state.

Figure 7 plots the value of the loss function under the conventional optimal monetary
policy—straight yellow line—and under the fully optimal monetary and fiscal policies—
dotted red line—as a function of the average duration of government debt. These calculations
employ the calibration in table 1 for U.S. data. The value of loss objective function under
fully optimal polices is hump-shaped in p, and even though fully optimal policies do not use
lump-sum taxes to make the government solvency condition non-binding, welfare is higher
under fully optimal policies if the average maturity is long enough (longer than 21 years).
The figure shows that welfare under the two optimal policy regimes can be made equivalent
by extending the average maturity of bond. However, this welfare-equivalence result and the
level of average maturity that achieves the the welfare-equivalence might be sensitive to our
calibration.

Figure 8 reports the implications of average debt levels for the threshold value of average

maturity that achieves equivalent welfares between fully optimal policies and conventional
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optimal monetary policy. We consider the range of [20%, 100%)], which covers most countries’
debt-to-GDP ratios in the world. We see that when the debt-to-GDP ratio is at low level
(below 40%), no average maturity exists that achieves equivalent welfares: welfare under
fully optimal polices is always inferior to the conventional optimal monetary policy with
lump-sum taxes, no matter how long the average maturity. It is possible to achieve welfare
equivalence only in medium- to high- debt economies, that is, only when debt-to-GDP ratio
is higher than 40%. Moreover, the higher the debt levels, the shorter the threshold value of
average maturity to achieve welfare equivalence.

Figure 9 reports the implications of standard deviations of wage markup shock for the
threshold value of average maturity that achieves equivalent welfares between fully optimal
policies and conventional optimal monetary policy. We consider the range of [0.02, 0.06],

which covers most calibrations of standard deviation of wage markup in the literatures.

Loss Function
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Figure 7: Value of loss function as a percentage of steady state consumption

11 CONCLUDING REMARKS

This paper examines the joint determination of optimal monetary and fiscal policy in the
presence of distorting tax and sticky prices. We study how the presence of long-term bonds
affects optimal allocations between inflation and output gap, and the consequent stabilization
role for monetary and fiscal policy.

We identified three channels for long-term bonds to have effect on optimal allocations
between inflation and output gap. First, long-term bonds affect the aggregate fiscal stress
imposed on the intertemporal solvency condition that prevents complete stabilization of

inflation and welfare-relevant output gap. Second, long-term bonds facilitate intertemporal
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Figure 9: Threshold level of average maturity that equates welfare under fully optimal
monetary and fiscal policies and welfare under conventional optimal monetary policy with
passively adjusting lump-sum taxes, as a function of the standard deviation of wage markup
shock

smoothing for inflation. Third, which is new in our paper, long-term bond also smoothes
welfare-relevant output gap by smoothing real interest rates.

To study inflation’s role as a “fiscal cushion,” we use the government’s solvency condition
to account for the sources of fiscal financing. As the duration of government debt rises, it

is optimal to smooth output more and to rely on current and future inflation innovations
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to revalue government bond. In the limit, with only consol debt, it is optimal to perfectly
smooth real interest rates and rely instead on inflation as a fiscal cushion. Sources of fiscal
financing are also sensitive to the level of debt in the economy. As the level of bonds rises,
the reliance on tax financing declines. With long-duration bond, high-debt economies (100%
debt to GDP ratio) would finance over 20 percent of a fiscal stress innovation with current
and future inflation.

Finally, we contrast the welfare under fully optimal policy to the conventional optimal
monetary policy case where lump-sum taxes are available to always guarantee government
solvency. We show that welfare under the two optimal policy regimes can be made equivalent

by extending the average maturity of bond.
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A DERIVATION OF LONG-TERM BOND PRICE AND IEC

Define

Uc,t+k Pt
Uc,t PtJrk

Quirk = B (A1)

as the stochastic discount factor for the price at t of one unit of composite consumption goods at
t + k. Then (2) and (3) in the text can be written as

Qf =EQu 11 (A.2)
Q' =EiQra1(1+ pQp1y) (A.3)

Iterating on (A.3) and imposing a terminal condition yields

in =Ey[Qrp41 + th,tJrlQ%—l]
=Ei{Qti+1 + pQuti+1Ei41Qu41,642 + pQQt,t-i—lEt—H[Qt+1,t+2Et+2Qt+2,t+3] +...}
=Q7 + pE; [Qt,tJrle_H} + 0P F[Qu a1 B 1(Quy1.042Q70)] + ..
ZQtS + pEy [Qt,t+1Q2g+ﬂ + PZEt[Qt,t+2Qf+2] + ...+ PkEt [Qt,t+ka+k] + ...

oo
=Q; + B ZpkEt[QerkaJrk] (A.4)
k=1
Equation (A.4) implies that the long-term bond’s price is determined by weighted average of ex-

pectations of future short-term bond’s prices.

Substitute (A.1) into (A.4)

Uet+1 P Uetra P Usrrr P
QY =E, [ﬁﬂ t +p52L+2 ¢ +'.‘+pk—lﬁkﬂ t
Uc,t Pt+1 Uc7t Pt+2 Uc,t Pt—l—k
o0
=F k—1gk Zotth AR
t;p Uet Prvk (A.5)

Condition (A.5) implies that the long-term bond price is determined by the whole path of expected
future price level, discounted by consumption growth rate. The long-term bond price is negatively
correlated with expected future inflation rate and consumption growth rate.

Rewrite (A.3) as

QM =EiQpir1(1+ PQ%l)
=EiQ 1L (1 + PQ%A) + p cov(Qt 11, Q%A)
=E,Qf (1 + pQLy) + p cov(Quii1, Q1Y) (A.6)
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Recall from (A.5) that
(o.9]
Qi = E Zpk_th+1,t+l+k
k=1

Qﬁl is determined by weighted average of expected future discounted value of future stochastic
discount factors. Therefore, without loss of generality, we assume cov(Q¢ 41, Qi11) = 0, and (A.6)

can be expressed as

QM = E,Q7 (1 + pQiy) (A7)

To derive intertemporal equilibrium condition, we iterate on government’s period budget con-

straint, (9), and impose asset-pricing relations and the household’s transversality condition:

BM BM
1 M\Bt=1 _ M Bt
(1+pQ;") P, tp, + 5
:Et[Qfst%rlﬂtH BLM Qé\/lﬂ'ﬂrl Spi1 + 5]
L+pQY, P 14pQM,
Qi\/fﬂtﬂ Q%Q%lﬂt—l—lﬁt-ﬂ
= FE[St + ———Si11 + Sira + .. (A.8)
1+ PQ%A (1+ PQﬁl)(l + PQi]\_/[s_z)
Substituting (A.1) and (A.3) into (A.8) yields
BM 2 Ueiri
1 ML _ g edciax S A9
(1+pQ") 2 t;ﬁ Ue t+ (A.9)
To derive (11) in the text, combine (A.5) and (A.9)
> Uc t+k 1 > ‘Uc t+i
E kgh ot BY, =FE GG, A.10
t (kzzop B Uns Pt+k> t—1 tgﬁ U, O ( )

B DERIVATION OF NONLINEAR FIRST ORDER CONDITIONS

The full nonlinear optimal policy problem maximizes

EyY  B'U(Y:, Ar, &)
t=0
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subject to

_ e—1 .
[71 Omi = € Ky (B.1)
1-— (9 e—1 Jt
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The first-order conditions are
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If we redefine A} = %,5\% = NN = N0 = %,5\? = tb ,)\f =AY, then the first-order

conditions can be simplified as
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(B.7)

where A} through 5\? are the Lagrange multipliers. Condition (B.13) implies that the evolution

of the Lagrange multiplier corresponding to the government budget 5\? obeys a martingale. Con-

dition (B.14) connects S\f to the Lagrange multiplier corresponding to the maturity structure 5\;% .

Conditions (B.10) — (B.12) relate 5\21 to the Lagrange multiplier corresponding to the aggregate

supply relations A}, A?, 3. Conditions (B.7) and (B.9) implicitly determine the shadow price of

the each constraint. Notice that (B.9) determines the marginal utility loss from inflation, while

(B.7) determines the marginal utility loss from variations in output-gap.

B.1 DETERMINISTIC STEADY STATE Using the optimal allocation that appendix B describes, in

a steady state with zero net inflation, 7 = 1, we have

A:17 = = ) QS:/B

The associated steady-state price of long-term bond is given by

v B
@ C1-8p

b 1-8p
J € S 1-p

which is increasing in average maturity p. The intuition is very straightforward, long-term debt

yields more coupon payments and therefore demands higher price.
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The steady-state government budget constraint implies
T—585—8,= (,6’_1—1)51,

where s, = QM B/Y is the steady-state debt to GDP ratio, 59 = G/Y is the steady state government
purchases to GDP ratio, s, = Z/Y is the steady-state government transfers to GDP ratio.

Steady-state Lagrangian multipliers satisfy

A= (0 - 1N (B.15)
52 1 : 633 (B.16)
33— 4 (B.17)
3 — \4 (B.18)
(1 - BO)AS = —Ua(Y,1) (B.19)
Ay b (- 0y - ST 205~ v (v (B.20)

Note that A* and A® can be solved from (B.19) and (B.20), and at steady state the other
multipliers are proportional to A\%. At steady state, the Lagrange multiplier associated with gov-
ernment budget therefore completely summarizes the distortions from output; the price dispersion

summarizes the distortions from inflation.

C SECOND-ORDER APPROXIMATION TO UTILITY

The life-time welfare of household is defined by

Uo=Eo ) BUN,ALE) (C.1)
t=0

where

—o Yi 14
(Y, — Gy)! ()
U(Y, A = — =t A
( ty t?&t) 1_0_ 1+QO t

= U(Y;,Gt) —U(YE,At,At) (C2)

We use a second-order Taylor expansion for a variable X;:

_ - N R 1 .
X/ X =X/ X =X =1 4 X+ R (C.3)
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and

~ _ N 1 .

Xﬁ;m—xzxx&+iﬁ) (C.4)
The derivation of second-order approximation closely follows Benigno and Woodford (2004).

The first term in (C.2) can be approximated to second order as

~ 1 1
w(Ys, Gy) — @ = Gy Y; + ugGy + tycViGy + 2UYYYt + 2UGGGt + (9(Hft|| )

_ A 1.

=uyY (Y, + 2Yt )+UGGt+UYGYGYth+ UYYY Yt + UGGGt + O(||&]1%)
_ 1~ 1

=y Y (Y; + QYt )+ﬂYGYGYth+§ﬂYYY2Yt + O(||&*) + t.ip.

|
|

N 1 U 2 U NN .
YVt 51+ 200, = SR GGY) + O(6]°) + tip.

_ A 1 ~ IS .
uyY[Y: + 5(1 - sc_la)Yt + 8g5. LoG Y] + O(||& %) + t.ip. (C.5)

“t.1.p.” represents the terms that are independent of policy. The second term in (C.2) can be

approximated by

v(Ye, Ay, Ay) — 0 =0y Y, + 04 AL + 0aA + Oy aY Ay + Oy aVi Ay + aa A A,
b SByV 4 Sand 4+ LoasBl + Ol
=0y Y; + 0aA; + Oy aYi Ay + Oy AV Ay + 0aa A Ay
+ %ﬁwfff + %mﬂ? + O(|&|1%) + t.ip.

SN 1 ~2 ~ _ A~ _ A~ -~
=uyY (Y; + §Yt )+ 0AA: + Oy aY Y Ap + 0y AY YA + Uaa AL Ay
1 9n2 1 « .
+ 5UYYY2Y2 + ivAAAQ + O(”ftug) + t.l.p.

vyyY

=y Y[V, + (1 +

" 1
Wi+ AR+ —Ath n —Ath ”Aé‘ SAA 5 VAL K2y
Vy va 2 yY

+O(1&1°) + tip.
_ o~ 1 ~ 2 1 - ~ I - .
:UYY[Y% + 5(1 + SD)Y% + mAt + AY; — (1 + SO)YtAt - AtAt] + O(||§t||3) + t.2.p.
(C.6)

From Benigno and Woodford (2004) we know that a second order approximation to (B.6) yields

A2

- . 9 .
By =081+ 151+ @)L +ep) - + O(ll) + tip. (C.7)

which implies that A; = O(7?).
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Therefore (C.6) can be simplified as
= (1+ @)Yl + O(|& ) + tip.  (C8)

_ - 1 ~2 1 -
(Y%’At’At) —v :UYY[Y%—Fi(l—"_(p)Y;f + mAt
Combine (C.5) and (C.8) and apply the relation vy = (1 — ®)uy, we approximate the life-time

utility (C.1) as

1

_ = X o L 1—
Up — Up =tiyYEg Y _ B{®Y; + Sl=) - LGy + (1 — @)(1 + p)A]Y; — Tro (pAt}

(1—@)(1+ )]V + [sgse

t=0
O(ll&N*) + t.i.p. (C.9)

From Benigno and Woodford (2004) we observe

[ . 9 0 72
B0 B8 = g =gy (L + ) +w§ " o

Therefore, the second-order approximation to the life-time utility (C.1) can be further expressed

as
_ I | . < . ,
Up—Up=uyYEy Y B{AY; + 5Ayth2 + ALEY, — SRR} + O(I&P) + tip. (C.11)
t=0

where

A, =
Ay = (1-— 056_1) —(1=2)(1+¢)
Agét =05 15,Gy + (1 — @) (1+ @) Ay

B Oe(1 + ep)
A== DG gy — 5n)

is steady state

<

L measures the inefficiency of steady state of output. s, =

=1-(1-7)
consumption to GDP ratio; s, = & is steady state government spending to GDP ratio.

=iy

D SECOND-ORDER APPROXIMATION TO GOVERNMENT’S IEC

Recall the government budget constraint
bM
= (D.1)

yby+5t=(1+ﬂ(o?iw)?t
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and no-arbitrage condition

U, 1
Qi = BB ——(1+ Qi) (D-2)
Define
bty
Wi = Ues(1 4 p@}" ) (D.3)

By applying (D.2) and (D.3), (D.1) can be rewritten as

Wi =Uc Sy + BEW; 11 (D.4)
and
Wy = E; Z Uet+kSt+k (D.5)
k=0

A second-order approximation to U ;S; yields

1.

Uet St = US4 UoSCy + ULS; + 5SUCCCC’t2 + U8, C, (D.6)

We express Cy in terms of Y; and Gy through the second order approximation to the identity
Ct = }/t - Gta

_ 1 . 1.
Cr =YY+ §Y752) - G(Ge + §G?) (D.7)
Since Sy = Y — Gt — Z3, a second-order approximation to the primary surplus can be written as

~ — ~ 1_- N _ A 1 — A 1.
S, =7Y(/+ Y1) + 5?1/(@2 +Y2) + 7YY — G(Gy + 5Gf) —Z2(Z+ 5Zf) (D.8)
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Substituting (D.7) and (D.8) into (D.6), we obtain

1

UesSi — U8 =UucSIV (¥ + 577) — GG+ 5G]
G(Gy + G2) Z(Z; + Z2)]

_ R 1 _ . _ .
+ U [7Y (71 + Yy) + 5%1/(%3 +Y2) + 7YYy —

1__ PR o A a4
- iSUccc(YQYtQ + G?G? - 2Y GY,GYy)
+ U 7YV 4+ 7YY — (7 + V)Y GGy — Y 2V, 2, — 7Y GGy + G2 G? + GZ Gy Zy]

+O(ll&l)
- PPN I 7Y 17Y 5 - 7Y - G. Zg
= UeS[=os. ' (Ve + 5¥7) + 0. 5g(Gi + G2) = (V) + *?(7’3 +V) + = G- 3

+Zo(1+0)(s2V2 + s s5.2G? — 25,5, 2Y,Gy)
7Y 7Y Y Y. . 7Y .
— O'S_ITS (Yt + YtTt) +os, g( §)YtG’t +os, szthZt + asglsg?Tth]

+O(Jl&1®)
Y 1.7Y 2 2 . TY .
4 T_ 1— o o +1 E]Y%Q_i_%(l_o_sc—l)mf_t

N —

G -
- §)Gt} +O(l1&)1*)

(D.9)

Sc c

Therefore, by substituting (D.9) into (D.5), we express the second-order approximation to govern-

ment IEC as

Wo—W > . R NN PO |
Z0 T —(1-B)Ey Z B'UB,Y; + B + By Vit + 5Byyyg + §B.,-.,-Tt + By, &Y, + B, &7 + Be'&:)

w t=0
O(||&|1?) + t.i.p. (D.10)

where
o 7Y 7Y S, A
Y s¢ S T8 et e+ g sd) ¢
7Y 7Y 7Y 20 o o’ o
By,=—(1- 1 B = — B, = —(1—-2)y_- 2 424 =
y S( os. ) 5 vy S( Sc) Se s§+sg
sy 1 sq 0+1 7Y 1 4 S$g 7Y -
B.&g=02—7,—02 - -G I é 529
&b Jsc P Gsc( Sc S sd) ! &bt Usc 5
Sy, = % is steady state government transfer payment to GDP ratio; s; = g is steady state

surplus to GDP ratio.
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E SECOND-ORDER APPROXIMATION TO AGGREGATE SUPPLY RELATION

The aggregate supply relation is defined by the equations

— Oy 1 Lieg €
AU K E.l
Jt[ 1-6 } e—1 " (1)
Y,
Ky =t (AZ)W+1 + BOE K ) (E.2)
Jy = (1 — 1) UesY; + BOE Jyy1mi | (E.3)

A second-order approximation to (E.1) can be written as

1= 9(1 + ep) St + O(||&]1%)

(E.4)

- -0 . 1.6 ~2

A second-order approximation to (E.2) can be written as

_ N - L ) o
K; =BO0E Ky 1 + B0e(1 4+ @) K{Eyity 1 + 5[6(1 + @) — E#2 ) + BOe(l + ) Kyy17es
1 _ -

+ Y (14 @YY, — i (1+ @)YV Ay + (0 + DY Yo+ S (14 9) V1Y

-V (p+ l)WﬂAt + YR + O(|&)?) + ti.p. (E.5)

A second-order approximation to (E.3) can be written as

5 s o 1 ) .
Jy =BOEJi1 + B0(e — 1)J[Eytyr1 + 5(6 — 2)Eyiip] + BO(e — 1) Jpp1 i
. 1 _ L L
+ (1 -=7)Ue+UY)Y, —UY T + 5(1 —7)(2Ucc + cch)Y1€2 = (Ue + UeY)Vi7

+ UeeeY )YiGy — (1 = 7)Y UGy 4+ O(||E|2) + t.i.p. (E.6)

+ UeY7Gy — (1 = 7) (Uee

Therefore, —5(E.5)-(E.6) can be expressed as

€

~ 6 ~ ~
—Ji :59Et(6 — 1Kt+1 — Jit1)

—i—iﬁ%(l + @) K{Eifi41 + %[5(1 +¢) = E#i} — 80(e — 1) J[Eiftrpr + %(6 ~ 2B

—|—6%596(1 + @) K17 — BO(e — 1) Jyaea

1O+ VY = (L4 VYA + (o + DY PRYY + ;“ PlLT VY
W(p+ 1)V 14, + W“ﬂtW]

_ 1 _ _ . _ _ .
—[1 =AU+ UY)Y, — UY 7 + 5(1 — 7)2Uee + UeeeY)Y? — (U + UoY ) Y]
+

—[UeY 731Gt — (1 = 7)(Uge + Ueee YV YiGy — (1 = 7)Y UeeGy] + O(||&)1) + tip. (BE.7)
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Then we plug (E.4) into (E.7) and obtain

_ 1. 6
Jl 9(1+6g0){7rt+2[1 96(<p+1)+(6

~ DR+ g1+ )

—59JL0(1 + ep){ BTt + 1[ / —3 elp+1) + (e = 2| E7ij } + Mm(l + ep) Jip1fign
+ 7ﬁ96(1 + ©)K{EiTtii1+ 5 [ (14 ) — 1E#? } — B0(e — D) J[Eifiri + %(6 — 2) iy ]
+ BOe(1 + ) [Jps1Trs1 + J1 ﬁ . (1 + ep)itiq] — BO(e — 1) Jyp1 e

+ (A" (1 + )V -

1
YA+ YA+ (o + DY Yt i (1 + )V oY
o ﬂW(<,O+ 1)}730+1At +}790+1 W]

— (1 =7) (U, + UeeY)Y; —
~ U Y 7Gy —

Q} [

eV )Y
(1 —7)(Uee

(U + Uch)YVtTt]

i + O([|&l) + t.ip.
Note that at steady state we have the relation

(E.8)
(1 —=7)U.Y, therefore (E.8) can be simplified as

,(1-pOK =Y¥?* and (1 - p6)J

kq‘wl

1
11— 9(1 + ep) i + 5179(1 + €p)|

6
=T (Ut e)BEiu + 3 (1 + @)l elp + 1) + (e
(L= 801+ @)¥i -

(1+ @) VA + (1 + ) Yii”
— (1=B0){(1 —os. 1Y, —

0 .9 0 - s
- 96(@4'1)4'(6—1)]7%+m(1+6@)J Jiy

— DAt + Bm(l +ep) ] M1t
(U @2 — (L4 @)+

wrty —wr (1 — asgl)ﬁf't szTt + ;[1 — 305,

- Uz—‘ZwTﬁG’t [o(1+0)s, 2 _oso %

A s
os; Vs, ViGy + 022

+o(1+0)s. %Y
8¢&+OM&WH¢¢p

(E.9)
Define V; = #; + §[25e(p + 1) +
recursive relation

(e — D)7

+ J~1Ji7, and substitue into (E.9), we obtain a

N 1 ~ 1 ~
Vi =i{CyY: 4 Cr 7y + Cyr Yify + gnyYf + SCrr#? + CL &Y, + Cp &7+ —mf + C'di}} + BE Vi
+ O([|&ll®) + t.ip.

(E.10)
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e(l +
Cy=1 Cr=1 Cr= (K(P)
Cyr = (1 —os. ) Crr =1 Oy =Q2+p—os;)+olsg' —s.7)(p+os. )™
2.-2 -2 -1 2
. o°s *+os .t —o0s A (1+¢) I+¢ 2 1A
CL & = £ & € 5,Gy — A + CL & =058 ts0G
gygt QO—FO'Sc_l gt gD—i-O'S(;_l t (,0+0'Sc_1'ut ngt c gw t
1 . N
Clé=——FYF 4% 7 ¢
@Y+ oS Sc p + 0S¢
and

o 1—-0(1—pB0)(p+os.t)

0 1+ep
7__
W =
T1-7
J— wT
w_go+0521

Integrate (E.10) forward from ¢ = 0, we have

= N A 1 oo 1 - : Cr . .
Vo =F, Z BU{C,Y; + Cr iy + CyrYidy + 5Oyth2 + 5@#3 + Cg &Yy + Cp &t + 7@2 + C'&}
t=0
+O(|&%) + tip. (E.11)
F QUADRATIC APPROXIMATION TO OBJECTIVE FUNCTION

Now we use a linear combination of (D.10) and (E.11) to eliminate the linear term in the second

order approximation to the welfare measure. The coefficients up, uo should satisfy

MBBy + ,UCC =—-0
upBr + NCCT =0

The solution is

Dw,
(1 +wy)(p + 05,
He = — T
where wy = % is steady-state government outlays to surplus ratio, and satisfies 1 +w, = %

I =os; w: + (1 +wy)(p+0os;t —wy).

o4



Therefore, we can finally express the objective function in the linear quadratic form of

_ _ W -W B S U 1 ,
(ayY) ™" (Uo — Up) + p(1 — B) 10T+/~tcﬂ 1V0=—E025t[§QY(Yt—Yt)2+§qw7ft2]+0(H§t\l3)+t.l-p-
t=0

(F.1)
with

1 1 1 1 1
gy = (1= ®)(p+o571) + (o + o5 +ng( +“0)+c1>as;1( +w9>r( +wr) —@ang—( +w12+wT>

(1 +wy)e(1+ ) (0 +os. ") L A=P)elp+ as. )
T sl K

and Yf denotes the efficient level of output, which is exogenous and depends on the vector of

exogenous shocks &,

V¢ =gy (At + npBE & + poCh &)
=qadi + 4Gy + a2 2 + qwin)’

where
O(1 + wy) (1 + )2
1= g (1 - )1+ )  PUT LR
_1; g sq Pw; o+1 1 sg P(1 4+ wy) o+1
= 29 _ G291 i 297 Ly, 41—
96 = dy [Usc Usc T ( Se sd)+asc T (w- + Se¢ )
_olo P
4z = Qy T s, s5q
1 O(1+wy)(1+
e = gt PO H1E)
G U.S. DAra

Unless otherwise noted, the following data are from the National Income and Product Accounts
Tables released by the Bureau of Economic Analysis. All NIPA data are nominal and in levels.
Consumption, C. Total personal consumption expenditures (Table 1.1.5, line 2).
Government spending, G. Federal government consumption expenditures and gross invest-
ment (Table 1.1.5, line 22).
GDP, Y. Y =C+G.
Total tax revenues, 7Y. Federal current tax receipts (Table 3.2, line 2) plus contributions
for government social insurance (Table 3.2, line 11) plus Federal income receipts on assets (Table
3.2, line 12).
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Total government transfers, Z. Federal current transfer payments (Table 3.2, line 22) minus
Federal current transfer receipts (Table 3.2, line 16) plus Federal capital transfers payments (Table
3.2, line 43) minus Federal capital transfer receipts (Table 3.2, line 39) plus Federal subsidies (Table
3.2, line 32).

Federal government debt, QY BM. Market value of privately held gross Federal debt,
Federal Reserve Bank of Dallas, http://www.dallasfed.org/research/econdata/govdebt.cfm.

Total factor productivity, A. Business sector total factor productivity, produced on 03-
May-2013 by John Fernald/Kuni Natsuki, http://www.frbsf.org/economic-research/total-factor-
productivity-tfp/. All published variables are log-differenced and annualized. To be consistent
with model with fixed capital, we compute dA = dY — (dhours+ dLQ), where dhours and dLQ are
business sector hours and labor composition/quality actually used. Given dA; = 400 * log(A;) —
log(Ai—1), we compute the annualized level of TFP, normalizing Aq947g1 = 1.

We use data from 1948Q1 to 2013Q1 to calibrate the model to U.S. data. For steady states,

we use the sample means reported below. For the quarterly calibration, we multiply B/Y by

Variable | Mean

G/Y 0.129
T 0.240
B/Y 0.489

4. Lump-sum transfers as a share of GDP adjust to satisfy the steady state government budget
constraint.

To calibrate the exogenous processes, we apply a Hodrick and Prescott (1997) filter to time
series on Gy, 14, Zy, and A; and estimate AR(1) processes using the cyclical components of the
filtered data, denoting those components by g, 7¢, Z¢, a;. Let the AR(1) be &y = pZ¢—1 + €4+ with

standard error of estimate o.. Estimates appear below with standard errors in parentheses.

Variable, x Pz o

i 0.886 | 0.027
(0.029)

Ty 0.782 | 0.029
(0.038)

2 0.549 | 0.045
(0.051)

ay 0.786 | 0.008
(0.038)
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